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Abstract

This paper addresses security control for a class of Takagi-Sugeno (T-S) fuzzy systems with multi-
sensor saturations and distributed event-triggered mechanism (DETM). As sensors can be located in
different places, we will introduce a DETM to reduce the transmission rate of the network. The output
measurements of each sensor are released into the network or not is dependent on the corresponding
event-triggered condition. A new T-S fuzzy model is constructed, which characterizes the influences of
multi-sensor saturations and cyber-attacks. Sufficient conditions are derived for ensuring the asymptotical
stability of the augmented closed-loop system. The explicit expressions of the controller gains are
obtained. Finally, the feasibility of the designed algorithm is shown by a numerical example.
© 2020 The Franklin Institute. Published by Elsevier Ltd. All rights reserved.

1. Introduction

During the past decades, Takagi-Sugeno (T-S) fuzzy system technique has received much
attention in approximating complex nonlinear systems by using a set of IF-THEN rules and a
group of local linear systems [1—4]. Fruitful results on controller and filter design problem for
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nonlinear systems via T-S fuzzy model have been achieved [5-7]. For instances, considering
the mismatched premises of the system and the controller, the event triggering parameters
and controller gain were co-designed in [5] for networked T-S fuzzy systems. The authors
concentrated on the robust H., control for nonlinear networked systems [6] with multiple
missing measurements and multiple probabilistic delays. In [7], the fault detection problem
was addressed for continuous-time fuzzy semi-Markov jump systems via an interval type-2
fuzzy approach.

Compared with traditional control systems, networked control systems (NCSs) are superior
in lower installation costs, more flexibility and simpler maintainability. In NCSs, controllers
communicate information with the sensors and plants via network. However, the network
bandwidth in NCSs are limited. It is necessary to design an suitable data communication
scheme to reduce the transmitted data packets. In recent years, many efforts are devoted to
deal with this problem and various transmission mechanisms are proposed [8—15]. Specifi-
cally, compared with time-triggered schemes, event-triggered mechanisms is more effective in
lightening the load of networked communication, which has been proved by simulation results
in related publications (see [9] for example). Event-triggered control and filtering problems
have been investigated by lots of researchers. In [9], the authors proposed an event-triggered
scheme which was implemented via monitoring the sampled system state at discrete instants.
In [12], the authors addressed the distributed event-triggered control for NCSs under hybrid
wired-wireless networks. In [13], the distributed event-triggered filtering problem over sensor
networks was discussed. However, to the best of the authors’ knowledge, the security control
has not been addressed for T-S fuzzy systems subject to multi-sensor saturations and DETM
at present, which motivates this study.

Moreover, the insertion of the network also brings the NCSs vulnerable to cyber-attacks
[16—-19]. The security of NCSs has become one of the main concerns in control field. The
attackers can launch denial of service (DoS) attacks or deception attacks [20-22] to destruct
the NCSs. The goal of DoS attacks is to interrupt the information communication between
system components [23]. While deception attacks aim to tamper data packets [24]. Recently,
lots of researchers have taken the cyber-attacks into the analysis and design of networked
systems [25-27]. Considering the effects of deception attacks, the authors in [25] investigated
the distributed recursive filtering problem for discrete time-delayed systems with quantization.
The security-guaranteed centralized filter was designed in [27] for linear time-invariant systems
under deception attacks.

To the best of our knowledge, event-triggered control for nonlinear networked systems
has not been fully studied, not to mention the situation when the cyber-attacks and sensor
saturations are involved. Hence, it makes practical sense to take the sensor saturation and the
occurrence of cyber-attacks into account when investigating the security control for distributed
event-triggered T-S fuzzy systems. To shorten such a gap, in this paper, the security control
problem is investigated for T-S fuzzy systems with multi-sensor saturations and DETM. The
main contributions can be summarized as follows. First, a DETM is introduced to alleviate
the burden of the network and increase the lifespan of the batteries of the sensors. Each
event generator at the corresponding sensor can determine triggered events based on the
local information. Second, the influence of stochastic cyber-attacks and the sensor saturation
phenomena are taken into consideration simultaneously. Third, a desired security controller is
designed which can ensure the stability of the addressed system.

The rest of this paper is organized as follows. A new T-S fuzzy model is constructed in
Section 2. The main results are presented in Section 3. A numerical example is given in
Section 4.
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2. Problem formulation

Consider the following T-S fuzzy model with r rules, the ith fuzzy rule is
Plant Rule i: IF 1,(x(r)) is H| and ... and n,(x(¢)) is H/, THEN

X(t) = Aix(t) + Bju(t) (D
y(t) = sat (Cix(t)) (2
where 11 (x (7)), n2(x()), ..., m/(x(t)) represent the premise variables, H|, Hi, ..., H} are the
fuzzy sets, i € {1,2,...,r}, ris the number of IF-THEN rules, x(t) € R" is the state vector,

u(t) € R* denotes the control input, y(¢) is the measurement output of the sensor with satura-
tion, A;, B; and C; are known matrices with appropriate dimensions, saf(-) is the saturation
function.

Assumption 1. [28] The saturation function sat(C;x(f)) can be decomposed into a linear func-
tion and a nonlinear function as follows:

sat (Cix (1)) = Cix(t) — ¢(Cix(1)) (3)
and the nonlinear function ¢(C;x(¢)) satisfies the following condition
x"()C Cix(t) = " (Cix (1)) (Cix (1)) 4)

By the use of a singleton fuzzifier and center-average defuzzifier, from Egs. (1) and (2),
we can get

i) =Y hi(())[Ax(t) + Bu()] (5)
i=1

(@) = Zhi(r/(x))sat(cix(t)) (6)
i=1

where n(x) = [m(x), e, m(x)], nu(x) is the abbreviation of n,(x()),u=1,2,...,1,

!
hi(n(x)) = A1 (n(x)) = [T Hj(0,(x)), H(1,(x)) is the membership value of 7,(x)
wi(n(x)) u=1
i=1
,
in HL’;. The membership functions A;(n(x)) satisfy h;(n(x))>0, > h;(n(x)) = 1.
i=1
As is shown in Fig. 1, the outputs y(f) are grouped into n nodes and y(t) =
[yl(t), yn(t)]T. Each sensor node is equipped with an event generator to decrease
the waste of network resources and reduce the amount of event-triggering events. The n sen-
sors sample their output measurements y,(t)(p =1,2,...,n) from the plant, respectively.
The sampled signals are then transmitted to the corresponding event generator. Whether the
sampled data at each sensor are sent into the network transmission channel or not is subject
to the following judgement:

) Qe (t) — oy, tTh+ 1Ph) QPy,(t7h + 1Ph) < 0 (7)

where o €0, 1), Q” >0, h is the constant sampling period, y,(¢'h) is the latest released sensor
measurement, y,,(tkp h+ [Ph) is the current sampled sensor measurement, ef t) = y,,(tkp h) —
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Fig. 1. Control system structure subject to cyber-attacks and DETM.

yp(t7h +17h) is the error between the current sampled sensor measurement and the latest
released one. Only when condition (7) is satisfied, the newly sampled signal yp(t,f h+1Ph)
will be transmitted trough the network. Obviously, if t,f h represents the latest released instant
when the sampled signal at the pth sensor is transmitted into the network, the next triggering
instants 7, 1/ for the pth sensor can be represented as follows:

iy h =t + min {1Ph(ef (1) QPe} (1) — oy, (th + 1"h) QPy, (P h + 17h) < 0} (8)

With the effect of the DETM, the output measurements of each sensor can be transmitted
at different instants. The transmission times of the distributed sensors are not required to be
the same. That is, the triggering instant of each event generator is irrelevant. Motivated by
Ref. [29], to make the introduced DETM practicable, we can set a series of buffers before the
controllers to store the triggered time-stamped sensor measurements. Notice that an identical
time-stamp will be attached from the sensor to the controller if one local event-triggered
condition is triggered. Only the latest available store signal from the buffers with the same
time-stamp can be selected as the controller input. Hence, the updated time sequence of the
controller is

tegrth = teh + 1h )
in which
Ih = argmin,es{I’h|A,() <0, p € S}
Ap(t) = (el @) ' QPel (t) — oy, (th + 1P"h)" QPy,(tlh + [Ph)
S={1,2,...}
From Eq. (7) and the use of the buffers, we can deduce that the controller input satisfies

(ex ()T Qe (1) — oy(th + 1h) Qy(tkh + 1h) < 0 (10)
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where Q = diag{Q', ..., Q"}, el (t) and y,(th+ I’h) in (7) represent the pth compo-
nents of ex(¢) and y(txh + [h) in Eq. (10).

Remark 1. It should be noted that owing to the existence of transmission delay, the set of
released sensor measurements y,(t)h), y,(t'h), y,(tYh), ... will reach the controller at instants
toh+ Tens tUh + Ty, t5h + Ty, ., tespectively.

Remark 2. The judgement algorithm (7) is implemented to decrease the waste of network
resources and reduce the amount of event-triggering events. Only when the newly sampled data
violate (7) can they be released into the network. The use of judgement algorithm (7) leads
to low transmission frequency, reduction in the release times of the sensor and reduction in
calculation cost of controller.

Similar to Ref. [9], the control input keeps constant for the holding in-
terval [tkh + T, tkr1th + 1, +]), which can be represented as U;‘zo U, U=
[lkh+lh+Ttk+],lkh+lh+h+1}k+1+1) (=0,1,..., n), w =ty —t — 1. Define
T(t) =t —tth—1h, it is easy to see that 0 <74 <t(t) < Tqpt1+4h £ 7). Then,
combining the equality (10) and the definition of t(f), Eq. (10) can be rewritten as
(e (1) Qex(t) < oy" (1 = T(1))Qy(T — (1)) an
Remark 3. It is worth noting that the event-triggering condition designed in this paper is
different from the ones in [30,31]. In [30], from the aspect of privacy protection, the triggering
condition is devised based on the control input. By applying the proposed event-triggered
approach, the authors in [30] investigated the secure consensus problem in multiagent systems
with denial-of -service attacks. In [31], the event-driven criterion was related to the error
between the current measurements and the latest transmitted ones, and the event-driven fault-
detection issue was addressed for discrete-time interval type-2 fuzzy systems. Different from
the results in [30,31], the distributed event-triggering condition in this paper is designed with
consideration of the occurrence of sensor saturation, based on the DETM, we consider the
security control for T-S fuzzy systems with cyber-attacks.

Based on the above definition ei(f) and 7t(f), combining (3) and (6), for t €
[tkh + 1, tkp1h + Ttk+1)’ the controller input under the DETM can be expressed as follows

y(©) = y(uh)
=y —1()) +e)

= Zhi(n(X))[CiX(t — 1) —@Cix(t —1(1))) + ex(1)] 12)
i=1
Considering the fact that the network may suffer malicious attacks, the information y(t)
transmitted through the network channel may be tampered with by the attackers, which means
that the controller may not receive the accurate information y(z). In this paper, the normal
transmission data y(¢) is assumed to be replaced by the malicious signal f(x(f)) randomly,
then, the real inputs of the controller can be expressed as

YO) =a@)f(x@t —d @) + (1 —a(®)y) 13)

where f(x(r —d())) = [f{f &'t —d@®))), ..., fIe"@- d(t)))]T, d(r) € [0, dul, du
is a known constant. «(f) € {0, 1} is a Bernoulli distributed variable with E{« ()} = &. Then,
the mathematical variance of a(f) is easily to obtained as u? = a(1 — @).
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In this paper, considering the DETM and the stochastic occurring cyber-attacks, the jth
rule of the fuzzy controller is designed as ‘
Controller Rule j: IF 1(x(r)) is H] and ... and n;(x(¢)) is H{, THEN

u(t) = K;y(t) (14)

where K; denotes the output feedback controller parameter to be determined, j € {1,2,...,7}.

Then, the fuzzy output feedback controller can be described as

u(t) =Y hi(n)K$() (15)
j=1

Remark 4. As is well known that limited resources and cyber-attacks are unavoidable in
network. In this paper, we only assume that only the network channel between sensors and
controller is subject to limited resources and cyber-attacks. The network between controller
and actuator is assumed to work normally.

Remark 5. For equality (13), when o () = 1, the malicious signals will replace the normal
transmitted data, the real input of the controller is y(t) = f(x(t — d(¢))). When a(t) =0,
the triggered signals are delivered through the network without being attacked and can arrive
at the controller successfully, that is y(¢) = y(z).

Substitute (13) into (15), the output feedback controller (15) can be rewrited as

u(r) = Zhj(n(X)Kj{Ot(t)f(X(t —d()+ A —a@)y — 1) + e®)]} (16)
j=1

By combining equality (5) and (16), the closed-loop output feedback control system is

X(1) = ZZhi(n(x))hj(n(x)){Aix(t) + (1 = a())BK;[Cix(t — T(t) + ex (1)

i=1 j=I
—@(Cix(t — (1)) +aBK,; f(x(t —d(1)))} (7

Assumption 2. [32] f(x(¢)) in Eq. (13) is a continuous function, there exists a matrix F' such
that

@2 < [1Fx(®)]l2 (18)

Remark 6. The key idea of this paper is to discuss the security control for distributed event-
triggered T-S fuzzy systems with muti-sensor saturations and cyber-attacks. The distributed
event-triggered scheme in this paper is motivated by the scheme proposed in Ref. [9]. The
simulation results in Ref. [9] have shown the event-triggered scheme is superior to some
existing ones by comparison. It is worth mentioning that numerous methods were proposed
to address sensor saturation and the cyber-attacks. In [33], the saturation and the network
resource limitation were considered for event-triggered control for multi-agent systems with
sensor faults, while the cyber-attacks are not. In [34], the multiple attacks was considered for
state-dependent uncertain systems with limited communication resources, however, the sensor
saturation is not. The strategies in [9,33,34] may not effective if the three phenomena occur
simultaneously. It is meaningful to think about the three factors together. Therefore, we firstly
investigate the security control for T-S fuzzy systems against sensor saturations, cyber-attacks
and limited network resources.
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3. Main results

In the following, sufficient conditions will be derived to guarantee the stability of the
controlled plant (1). The controller and the DETM will be co-designed.

Theorem 1. Let time delays ty, du, , triggering scalar o, matrices F and K; be given, the
asymptotically stability of augmented system (17) is achieved if there exist matrices P> 0,
0,>0,R;,>0,U;>0 (g =1,2), and Q such that

Wi+ W <0G, j=1,2,...,ni <)) (19)
R, *
>0 (20)
Uy Ry
where
=11
CH * * *
Efjl Esz * *
vij = = 9 g
Sij iy
=41 =44
& 0 0 Chp
in which
1
Fij * * *
=111 21 2
=il _ | * =11l _ i Lij * *
ST ez =13 |0 ST
E} o U, Ri-U —-01—R %
R, — U, 0 0 44

I} =PA+A[P+ 01+ 0:—Ri — Ry,

;' =& CTK] Bl P+ R — U,

T U, 0 0 R,—U,
= T RT
i _ a K BI'P 0 0 0
Y aKT B! P 0 0 0
| —aK[B[P —0QCi 0 0
—0> — R, * * *
113 _ —Q x *
Y 0 0 I *
B 0 —I40Q

I7=Q-2R +Ui+Ul, &1 =1-a Q=CloQC,

1

0 C 00 00 0 0
I = 2R, + Uy + U], E?!z[ ’ }

0O 0 o F O O O O
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22 . =31 =311 =312
Bi =diag{—1, -1}, E;} = [aij g} ]

311 TMPAi O_ll'L'MPB,'KjCj 0O 0 O
"9 7 dyPA; @ dyPBK,C; 0 0 0

—312 &]‘L'MPB,'K,' O_l‘L'MPBin _&ITMPBiK/'
"4 " |&dyPBK; adyPBK; —adyPBK;

E41 — [:‘4]1 ';'4]2] v;4_11 _

=i i S =

0 —MTMPBinCj 0 0 0
0 —/LdMPB[KjCj 0 0 0
412 —/,L'CMPBin ,LL‘L'MPB,‘KJ' [,L'L'MPBin
—MdMPBin /LdMPB,'Kj pLdMPBin
23— s;‘]‘.‘ = diag{—PR;'P, —PR; ' P}
Proof. See Appendix A. [

Based on Theorem 1, next, a new method to design the security output feedback controller
(16) will be given for the discussed plant (1).

Theorem 2. Given time delays ty, dy, €1, €2, &, triggering scalar o, w, matrix F, the
asymptotically stability of the augmented system (17) is met with output feedback gain K; =
X’IYJ- if there exist matrices P>0, 0,>0, R, >0, U,>0 (g =1,2), Q, Y; and D such that

U4+, <06, j=1,2,...,r,i < j) (21)
—Rq *
>0 (22)
Uy Ry
i wl *
,o—0 23)
PB, — BX —I
where
é}jl * * *
@ Efj] Ejzjz * *
ij= | 5 5
a?jl 0 a?f
=41 =44
& 0 0 &
in which
11
Fij * * *
=111 21 22
S _ Ej * S _ Fij Fij * *
N 53}2 EIIJB Y U R —-U  —-01—R =

R, —U, 0 0 Fl‘.‘f
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B U, 0 0 R —-U,
- vTRT
12 _ Y} B; 0 0 0
Y &YjTBl-T 0 0 0
| —a)Y/B] —0QC; 0 0
—0> — R, * * *
5113 _ 0 —Q *
Y 0 0 I s
1410 0 0 —-I+4+0oQ
é31 _ [é“l é%lZ] é311 _ TMPA,' &1TMB,'YJ‘CJ' 0 0 0
Y Y v dyPA;  &dyBY,C; 0 0 0
=312 -O_l]'L'MB,'Yj O_l‘L'MBin _&ITMBin =41 =411 =412
=i = gy =[E] &

Y |aduBY;, aduBY; —&duByY;

’54112 0 —M'L’MB,'Y]'CJ' 0O 0 O
Y0 —pdyBY,C; 0 0 0

i

=412 _ [ —wtyBY; ptuBY;, wutuBY;
| —uduBiY; pdyBY; pduBY;

I =aClY/Bl +R —U,

87 = 8} = diag(—26/P + €[R|, —2:P + &Ry}

Proof. Due to
(Re —.'P)R" (R — ¢,'P) > 0, (k=1,2) (24)

then, —PRk_lP < —2¢P + e,%Rk can be obtained.

Notice there are many nonlinear terms PB;K;C; and PB;K; in Eq. (19), we can not solve the
controller gain K; directly. Motivated by Zha et al. [35], in order to obtain feasible controller
gains, we define B;Y; = PB;K;, PB; = B;X, which implies the controller gains K; = X_IY]-,
where X and Y; are matrices with appropriate dimensions to be solved.

Replace PB;K;C;, PB;K; and —PRk_'P by B;Y;C;, B;Y; and —26kP+e,ka, respectively,
then Eq. (21) can be derived from Eq. (19).

Since PB; = B;X is not a strict inequality, note that (PB; — B;X)" (PB; — B;X) =0 can
be derived from PB; = B;X, then we transform this problem into the following optimization
problem

ol *
|:PB,- ~BX —1}’ @0 (25)

which is Eq. (23).
This completes the proof. [J
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Remark 7. It is noted that the results in [36,37] are distinct from this paper in the following
aspects. (1) The work in [36] dealt with adaptive fuzzy control for stochastic switched non-
linear systems with full state constraints. The work in [37] studied the problem of adaptive
neural network control for multi-input and multi-output nonlinear systems. However, this pa-
per addresses security control for T-S fuzzy systems with sensor saturation and cyber-attacks.
(2) The methodologies of the system performance analysis and the controller design approach
are obviously different. The results in [36,37] were obtained based on the backstepping tech-
nique. Whereas the main results in this paper are obtained by using the Lyapunov functional
method and linear matrix inequality technique. (3) The cyber-attacks, sensor saturation and
the limited network resources are considered in this paper, while [36,37] did not take these
phenomena into consideration.

When the plant (1) is without cyber-attacks, the closed-loop control system can be formu-
lated as

x(t) = Z Zhi(n(X))hj(n()?)){AiX(t) + BK;[Cix(t — T() + e (1) — 9(Cjx(t — T(1)))]}
i=1 j=1
(26)
Similar to the proof of Theorem 2, the following Corollary can be derived.

Corollary 1. For given Ty, w, €1, triggering scalar o, the augmented system (26) with output
feedback gain K; = X ™'Y, is asymptotically stable if there exist matrices P> 0, Q) >0, R, >0,
Ui >0, Q, Y; and D such that Eq. (23) and the following equalities hold

Ui+ <0G, j=1,2,...,1,i< ) (27)
R] *
>0 (28)
U R
where
é}jl * *
\i/,-j = élzjl —2¢,P + ele *
g 0 —1I

filjl = PA; +AiTP + Q01 — Ry, 1;?]1 = CJTY/-TBIT + R, — U,

B 1:‘1»1]-1 * * * * 7]
R * . .
El=| Uy R-U -0 —-R =* -
yIBT 0 0 -Q -

|YTB!  —0QC; 0 0 —I+0%]

M2 =_2R +U +Ul+Q
éZl = ['L'MPAi ‘L'MB,‘YJ‘C]‘ 0 'L’MB,'Yj —‘L'MB,‘YJ‘]

gl=[0 ¢ 0o 0 0]
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4. Ilustrative example

In this section, the feasibility of the proposed design method will be illustrated by the
following numerical example.

Consider system (5) with the following system matrices

Ay

B,

2.1 0.1 0

1 -2 0|, A=
Lo 0 -1
r—1.1 1 02
—12],c,=103 0.1
L 0.9 0 0

—-1.9
-0.2
0

0.1

h(n(x)) = sin*x, by (n(x)) = 1 = ki (n(x))

The cyber-attack is assumed to be

fx@) =

which satisfies Assumption 2 with F' = diag{0.1,0.2, 0.1}.

tanh (0.1x,(¢))
tanh(0.3x, (7))
tanh (0.5x3(¢))

0
—1.1
0 —0.1
1
=105
0

, By

—1.1
0.1
1
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For simulation purpose, we can set the initial state as xo = [—0.5 0.3 —O.3]T.

For given @ = 0.1 and o = 0.3, sampling period # = 0.01, time delays tyy = 0.4, dy =
0.3, €, = ¢, = 1. By using LMI toolbox in MATLAB, the controller gains can be obtained
as follows

K = [0.0036 0.0011  —0.0000]
K> = [0.0006 —0.0002 —0.0025]

47.3956 0 0
Q= 0 47.6031 0
0 0 47.7026

The response of the state is presented in Fig. 2. The event-triggered instants and releasing
intervals of the three trigger schemes are represented in Figs. 3—5. From the simulated results
above, we can see that the stability of the output feedback control system is ensured by the
designed output feedback controller and the network communication is alleviated considerably.
It can be found that the derived output feedback controller method is effective even if the
augmented system is subject to sensor saturation and cyber-attacks.

5. Conclusion

In this paper, the security output feedback control problem has been investigated for T-S
fuzzy systems by considering multi-sensor saturations and DETM. To mitigate the burden of
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networked traffic, a DETM is applied in T-S fuzzy systems. Considering the effects of multi-
sensor saturations and cyber-attacks, a mathematical model is built. Sufficient conditions have
been obtained to guarantee the stability of the discussed nonlinear system. Furthermore, a new
design method of the output feedback controller gains has been derived. Finally, a numerical
example shows the effectiveness of the designed algorithm.
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Appendix A

Proof of Theorem 1. Consider the following Lyapunov functional
V) =Vite) +Va(x) + Va(x) (29)
where

Vi(x) = x" ()Px(t)

Va(x;) 2/ xT(s)le(s)ds—}—f ' (5)Qax(s)ds

dy

Vs (x;) —TM/ / X (v)Rlx(v)dvds—i—dM/ / xT (VR (v)dvdss
t—Ty t—dy

Take the derivative and mathematical expectation of equality (29), the following equalities
can be obtained

{Mn—ZZMWmeth” (30)

i=1 j=1

E{Va(x)} = x" (1)(Q1 + 02)x(t) —x" (t — i) Q1x(t — Tar) — x" (1 — dy) Qax(t — dyy) (31)

E{V3(x)} =E{xT(z)1§x(t)} — / (R x(s)ds — dy / ()R (s)ds (32)
t—1y t—d,

M

where

Aij=Ax@)+ (1 - &)B,-Kj[ij(t —t(t) +e(t) — o(Cix(t — r(t)))] +aBiK;f(x(t —d(t)))
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Note that
(" OR )| = Y 3" hin()h; (r00) { AL RAy + 12BLRB; | (33)
i=1 j=1
in which
R=1t R +dyRy, Bij = BK;[f(x(t —d(t))) + ¢(Cix(t — (1)) — Cjx(t — T(t)) — ex(1)]

By using Lemma 1 in [22], if there exist U; and U, satisfying Eq. (20), one can get

—Tu / ()R X (s)ds < ¢f ()M (1) (34)
—dy / i (YR (s)ds < 6(0) Maga (1) (35)
t—dy
where
x(t) x(1)
i) =[xt —1@) |, () = | x@t —d(@))
x(t —1ty) x(t —dy)
—Rq * *
My(t)=|R;—U; —2R,+U,+U] x |, ¢g=1.2
Uq Rq - Uq _Rq

From Egs. (11) and (2), one has

olCix(t — (1)) — @(Cix(t — TN QUC;x(t — (1)) — (Cjx(t — T(1)))] — €] (1)Qex (1) = 0

(36)
Recalling Assumption 1, we have
Xt = 1()C] Cix(t — (1)) — @' (Cix(t — T(t))g(Cix(t — T(t))) = 0 (37)
Based on Assumption 2, we get
Xt —d@)F Fx(t —d(®)) = fT(x(t —d (@) f(x(t —d(1))) = 0 (38)

Define
oy =[ere) €n]
g0 =[cle) Ft—-dn) x"@—dw) 0]

) = [Tt —d®) ¢ Cxt—t0)]
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Combining Eqs. (30)—(38), it yields that
E(V () < 33 hn0enhy (e {26 (0P Ay 47 (1)@ + 02)x(0)
i=1 j=1
—x"(t — i) Qux(t — ) — X (t — dy) Qox(t — dyy) + ALRA;; + 1* BLRB;;
+o[Cix(t — (1)) — (Cix(t — T (NI QAC;x(t — T(1)) — (Cix(t — T(1)))]
—el ()Qer(t) +x (1 — T())CTCixlt — T(1)) — T (Cx(t — T())(Cpx(t — T(1)))
+x" (¢t —d@)F Fx(t —d (@) — f7 (x(t —d () f(x(t —d(2)))

s (OMi51(1) + 55 (M2 (1)}

< ZZh(n(x))h MEN{ETOBLE®) +x" (¢ — T(0)C] Cix(t — (1))
i=1 j=1
+x"(t —=d()F"Fx(t —d(t)) + A[;RA;; + W’ B RB;; (39)

By using Schur complement, we obtain that IE(V (x,)) < 0 can be guaranteed by (19) in
Theorem 1.
This completes the proof. [
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