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Abstract A delay-dependent H, filtering for Markovian jump systems with time-
varying delays is studied based on a piecewise analysis approach. Firstly, by exploit-
ing delay partitioning-based Lyapunov function, a new delay-dependent criterion is
derived for the H,, performance analysis of the filtering-error systems, which can
lead to much less conservative analysis results. Secondly, based on the criterion ob-
tained, the gain of filter can be obtained in terms of linear matrix inequalities (LMIs).
Finally, numerical examples are given to demonstrate the effectiveness of the pro-
posed method.

Keywords Time delay systems - Piecewise analysis method - H filter - Markovian
jump systems
1 Introduction

During the past few decades, Markovian jump systems (MJSs) have attracted much
attention [5, 16, 18, 25, 27, 31, 37, 38]. Typically, MJSs can be regarded as a special
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Circuits Syst Signal Process

class of hybrid systems with finite operation modes whose structures are subject to
random abrupt changes. The system parameters usually jump among finite modes,
and the mode switching is governed by a Markov process. MJSs have many applica-
tions, such as fault-tolerant flight control systems, economic systems, solar thermal
receivers, and power systems. Over the past decades, a great number of important
results related to such systems have been reported in the literature [17, 23, 24, 28, 29,
39, 42] and the references therein.

It is worth mentioning that the H, filtering technique introduced in [4] has re-
ceived increasing attention, see, for example, [6, 14, 35, 36]. The H filtering prob-
lem is to design an estimator to estimate the unknown state combination via output
measurement, which guarantees that the L;-induced gain from the external distur-
bance to the estimation error is less than a prescribed level. In recently years, the Hyo
filtering for time-delay systems has also received increasable attention since time
delays are frequently encountered in many dynamic systems such as chemical or
process control systems and networked control systems, and it is often a source of
instability and oscillation in a filter system.

As of now, the stability criterion for the existence of a suitable filter can be classi-
fied into two categories, namely delay-independent filtering [19] and delay-dependent
filtering [1, 11, 12, 15, 20, 32, 40, 41]. Since delay-independent criterion tends to be
conservative, especially when the delay is small, much attention has been paid to
the delay-dependent type. The main objective of the delay-dependent H, filtering is
to obtain a filter such that the filtering error system either allows a maximum delay
bound for a fixed Hy, performance or achieves a minimum Hy, performance for a
given delay bound.

This paper address the problem of Hy, filter design for MJSs with interval time-
varying delay. Based on a piecewise analysis method, the variation interval of the
time delay is divided equally into two subintervals, by checking the variation of deriv-
ative of a Lyapunov functional in each subinterval, the convexity of matrix function
method and the free-weighting matrix method are fully used in this paper. Differ-
ent techniques are used in the derivation of the Lyapunov functional, and some novel
delay-dependent criteria for asymptotic stability is derived in the form of LMIs. Com-
pared with the existing method [9, 30], the conservativeness of the derived Hy, per-
formance analysis results is further reduced, and novel Hy, filter design criteria are
obtained. Examples used in [9, 30] are employed to show the effectiveness and less
conservativeness of the proposed methods.

Notation: R"” and R"*"” denote the n-dimensional Euclidean space and the set of
n x m real matrices; the superscript “7"” stands for matrix transposition; / is the iden-
tity matrix of appropriate dimension; || - || stands for the Euclidean vector norm or the
induced matrix 2-norm as appropriate; the notation X > 0 (respectively, X > 0) for
X € R™ means that the matrix X is real symmetric positive definite (respectively,
positive semidefinite). When x is a stochastic variable, &{x} stands for the expec-
tation of x. For a matrix B and two symmetric matrices A and C, [g g] denotes a
symmetric matrix, where * denotes the entries implied by symmetry.
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2 Systems Description and Preliminaries

Fix a probability space (§2, F , P) and consider the following class of linear systems
with Markovian jump parameters and time-varying delays (X):

x(t) = AO)x(1) + Ag(O)x(t — (1)) + Aw (O (1),
y(@) =CO)x () + Ca@)x(t — (1)) + Co (@) (1),
2(t) = L(0)x(t) + La(0)x(t — (1)) + Lo (O)w(1),
x()=¢@), Vrel[-ty, —tul,

ey

where x(t) € R” is the state vector, y(¢) € R” is the measurement vector, w(t) €
L5[0, 00) is the exogenous disturbance signal, z(¢) € R” is the signal to be estimated,
{6;} is a continuous-time Markovian process with right-continuous trajectories and
taking values in a finite set S = {1, 2, ..., N'} with stationary transition probabilities

wijh +o(h), I #J,

14+ miih+o(h), i=j. )

Prob{et_;’_h = ]|9t = l} = {

In the above, & > 0, limj;, ¢ % =0, and 7r;; > O for j # 1 is the transition rate from

mode i at time ¢ to the mode j at time ¢ + /4, and

N
i = — Z TTij. 3)

j=1i#

In the system given by (1), the time delay 7 (¢) is a time-varying continuous func-
tion satisfying the following assumption:

0<tp=<t@) <t} <0, () <p, V>0, @

where 7, is the lower bound, and 7, is the upper bound of the communication delay.
In this paper, we consider the following filter for system (1):

2(1) = AB)R() + AaO)E (1 — (1)) + GO (1) — y(1)),
V() =CENX (1) + Ca@)x (@ — (1)), &)
2(0) =LO)X() + La@)x (@ — T(1)).

The set S comprises the various operation modes of system (1), and for each possible
value of 6, =i, i € S, the matrices associated with “ith mode” will be denoted by

A=Al =1), Agi = Aq(6: = 1), Awi = A0 =1),
Ci:=CO =i, Cai :==Cq(0; =1), Coi :=Co(0; =1),
Li:=L(6; =1i), Lgi == Lq0; =1), Loi = Lo(0; =1),

where A;, Agi, Awi, Ci, Cgi, Cwi, Li, Lgi, L,; are constant matrices for any i € S.
It is assumed that the jumping process {6;} is accessible, i.e., the operation mode of
system (X) is known for every ¢ > 0.
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Lete(t) = x(¢t) —x(¢) and Z(r) = Z(t) — z(t). Then we have the following filtering
error system:

{ é(t) = Aje(t) + Agie(t — T(1)) + Apiw(t), ©)

2(t) = Lie(t) + Laie(t — (1)) — Loio (1),

where A; = A; + GiCi, Agi = Agi + GiCuai, Awi =—Awi — GiCui.
The H filtering problem addressed in this paper is to design a filter of form (5)
such that

o The filtering error system (6) with w(¢) = 0 is exponentially stable;
e The Hy, performance ||Z(7)|l2 < y|lw(2)]|2 is guaranteed for all nonzero w(t) €
L»[0, c0) and a prescribed y > 0 under the condition e(t) =0 V¢ € [—1p7, — T ]-

The following lemmas and definitions are needed in the proof of our main results.
Lemma 1 [7] For any constant matrix R € R, R = RT > 0, constant Ty > 0, and

vector function x : [—ty, 0] = R” so that the following integration is well defined,
the following condition holds:

Lo xt) 1'T-R R x(1)
_tM/t_TMx (Rx(s)ds < [X(I—TM)] |:R —R] |:x(t—TM)]' (7)

Lemma 2 [34] Suppose that 0 < 1,, < t(t) < T, and E, B>, and §2 are constant
matrices of appropriate dimensions. Then

(T —tw)E1+ (tw —T())E2+ 2 <0 ®)
if and only if
(tmM — ) &1+ 2 <0 ©)
and
(ty — ) &2+ 2 < 0. (10)

Definition 1 System (6) is said to be exponentially stable in the mean-square sense
(ESMSS), if there exist constants & > 0 and A > 0 such that for all 7 > 0,

e{|x0]’} sae™ sup {|o)|*}. (11)

—Ty<s<0

Definition 2 For a given function V : Cf,o([—tM, 0], R™") x § — R, its infinitesimal
operator L [13] is defined as

1
LV (x;) = Jim Z[é’(V(xtMIxt) - V)] (12)
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3 Main Results

In this section, we will concentrate our attention on the performance analysis for
system (6) for t(¢) satisfying (4).

Similarly to [33], we divide the variation interval of the delay into / parts with
equal length. Define

r,:r,,ﬁ@, i=1,2.....1. (13)

Then, [T, Tv] = [tm, T1] Uf;ll (ti, Ti+1]. In the proof of our main results, we only
discuss the case where [ = 2. From the following discussion it can be seen that the
proposed method of this paper can also be easily extended to the cases with [ being
any finite integer.

Define

s— M~ Tm
2
Then

Tn + TM

TINI=T,+d6= >

Furthermore, define a new vector

tTy=[eT@) ef(t—t®) eTt—t) Tt—1) lt—) o @®)]
and two matrices

Nn=[A Az 0 0 0 Au], D=[Li —Lsi 0 0 0 —Lu].
Rewrite (6) as

{é(t) =I¢@),
Z(t) = e @).

On the basis of (14), we get the following results.

(14)

Theorem 1 For some given constants 0 < t,, <ty and y, system (6) is ESMSS with
a prescribed Hyo performance y if there exist P; > 0, Q1 >0, Q2 >0, 03 >0,
04i>0,R1 >0,Ry>0,R3>0,Z1 >0, Z >0, Z3 > 0, My, Nig, Tix, and Sij
(ieS, k=1,2,...,6) with appropriate dimensions such that the following matrix
inequalities hold:

o+ +17 *

V= U Uy x| <0, s=1,2, (15)
¥31(s) 0 —-R
(2 +7T+7rT % *
2= 'Z5 '3 * <0, s=1,2, (16)
£231(s) 0 —R;3
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N
ZﬂijQ4j <Zi, k=123, a7
j=1
where
1T * * * * x|
AP —(1 =) Q4 * . * *
” R 0 —01— R * * *
R 0 0 0, - B % « |
0 0 0 s R
| AL P; 0 0 0 0 —y21 |
11, * * * * |
AP —(1— 1) Q4 s * s *
—0O — R, — R2
21 = ki 0 o lel ’ R2 i i )
0 0 5 -0 — 5 * *
0 0 0 0 —0;
| AL P, 0 0 0 0 —y2I
TmRIAi TmRIAdi 0 00 TmRIAwi
v VSR A; NSRyAsi 0 0 0 SRyA,
2 = —_ -_ - 9
"T U VBRsA; VERsAs 0 0 0 BER3A
L; Lg; 0 0 0 —L i

Uy, =diag{—R1, —R2, —R3, —1 },

w31 (1) = vVsm], w31 (2) = VoNT,
21() =617, 232 =58,
r=[0 -M;+N; M; —N; 0 0],
r=[0 -T,+8 0 T, -S 0],

M =PA;+ Al Pi+ Q1+ Q2+ 03+ Qui

N
—Ri+twZ1+68Z,+ 673 +Z7T,‘ij.
j=1

Proof Let x;(s) =x(t +5), —1(¢) <s <0. Then, similarly to [2], {(x;, 6;),t > 0} is
a Markov process. Construct a Lyapunov functional candidate as

4
V(x, 6=y Vi, 00, (18)

i=1
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where

Vi(xe, 6) = el (1)) P(O)e(t),

t t t
Vax, ) = / ¢T(5)Q1e(s)ds + / ¢ (5)Qae(s)ds + / T () 0se(s)ds
=T r— t—ty

71

t
+ / el (5)Qa(Oy)e(s) ds,
t—1(t)

t

t t—Ty pt
Va(x;,0;) = T /éT(v)Rlé(v)dvds—i—/ /éT(v)Rzé(v)dvds
N -1 N

=T

t—11 pt
+/ [éT(v)R3é(v)dvds,
t—tydJs
t t f—Tm pt
V4(x,,9,):[ /eT(v)Zle(v)dvds—f—/ /eT(v)de(v)dvds
t—Tpds t—11 Js

t—11 pt
+ f / el (v)Z3ze(v) dv ds.
t—tyJs

Let £ be the weak infinite generator of the random process {x;, 6;}. Then, for each
0, =i (i €S), we have

L[V, 0] <e" @) (QPiAi + 01+ Q2+ 03+ Qu

N
+tnZ1+8Zr+6723+ ZTL’,‘]‘PJ’)E(I)
j=1

+2eT ()P Agie(t — T (1)) +2eT (1) P Ao (1)
— el (t — 1) Qre(t — ) — e’ (t — 7)) Q2e(t — 1)

— et =) Q3e(t —tn) — (1 — we' (1 — 7(1)) Quie(t — T (1))

t N
+/ eT(s)<ij Q4j>e(s)ds
t =1

—1(1)

t
+eT () (T2 R +8R2+8R3)é(t)—tm/ ¢l (s)Ryé(s)ds
t—Tm
=Ty t—11
—/ éT(s)Rzé(s)ds—f ¢l (s)R3é(s)ds
=7 t—ty

t =Ty
—/ eT(s)Zle(s)ds—/ eT(s)Zze(s)ds
t—Tn t

—11

-7
- / l el (s)Z3e(s) ds. (19)
t

—Ty
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Since

t N -1 N
/ ()eT(s)(ij Q4j>e(s)ds -/ eT(s><ij Q4j>e(s)ds
1—t(t ]=] t ]:1

—1(1)

=T N
“r/ eT(S)(ZJT,‘jQ4j)e(S)dS
t—T

1 j=1

‘ N
+/ eT(s)(erij Q4j)e(s) ds  (20)
t—Tp =1

from (17) and (20) we have

t N t
/ el (s) (ij Q4j>e(s)ds —/ el ($)Z1e(s)ds
t =l t—Tm

—7(1)

=T -t
—f eT(s)Zze(s) ds —/ leT(s)Z3e(s) ds
t

-1 =ty

t N
:/ e’ (s) (Zﬂij Q4j — Zl)e(s)ds
=T

j=1

=Ty N
+/ eT(s)(ijQ4j —Zz)e(s)ds
t

-1 =1

t—1 N -t
+/ | eT(s)<Zm,- Q4j>e(s)ds —/ ¢ (5)Zse(s) ds
t =1 t—

—1(t) ™

1—T1 =1
< / el (5)Z3ze(s)ds — f el (s)Z3ze(s)ds <O0. (21)
t

—1(t) =ty

Applying Lemma 1, we have

- . ety 1"[-R R e(t)
—Tn /t_rm e (s)Rie(s)ds < |:e(t - Tm):| [ R, —R1:| |:e(t - Tm):| . (22)

Combining (19, 21, 22), we obtain

L[V, 0] = v’ Ow@) + 2T 0)Z(@1)
N
< eT<r>(2P,-A,- + Q1+ Q2+ Q3+ Qui+TnZ1 +8Z2+ 875 + Zniij>e(t)
j=1

+2e" (1) P; Agie(t — (1)) +2¢" () PiAwio(t) — e (t — 7)) Q1e(t — Tin)
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—el(t — 1) Qre(t — 11) — e (t — Ta) Q3e(t — Ti)

— (1= el (t — (1)) Qaie(t — T (1)) + &7 (1) (z2 R1 + SRy + 8R3)é(t)

e(t) T R, R e(t) =T o -
+ |:e(t — Tm)i| |: R —R1:| |:e(t — T’")] - [—rl e (s)Raeé(s)ds

—T
— / 1 ¢l (5)Rzé(s) ds — y*oT (D (1) + T ()0 D (2). (23)
t

—TM

It is noted that, for any 7 € Ry, t(t) € [Ty, T1] or T(¢) € (71, T)1]-
Define two sets

2y ={r:10) €[t 11l}, (24)
§2) = {t:r(t)e(n,rM]}. (25)

In the following, we will discuss the variation of LV (x;, 6;) in two cases, that is,
tef21ort €82;.

Case 1:t € £21,1.e., T(t) € [Ty, T1].

By using Lemma 1 we have

-1 T
_/ éT(S)R3é(s)dS§§|:e(t_n):| [—R3 R3 :|[€(t—f1):|. 26)
t

- e(t —ty) Ry  —R3||e(t—1n)

Employing the free matrix method, we have

=Ty
2§T(t)M[ |:e(t —Ty) — e(t - t(t)) — / é(s) dsi| =0, 27
t—1(1)
t—1(t)
2§T(t)N,' |:e(t — r(t)) —e(t—11)— / e(s) dsi| =0, (28)
-1
where
MiT = [MiTl MiTz MiT3 Miﬂ MiTS MiTé]’
T
N = [NiTl NiTz NiT3 Ni{t Nig NiTG]
andi € S.
There exists R, such that
=Ty ]
2T ()M; é(s)ds < (t(t) — )¢ " (OMiRy ' M ¢ (1)
t—1(1)
t_fm
+ / &7 (5) Roé (s) ds, (29)
t—1(t)
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t—t(t)
-2 ()N, / és)ds < (1 —t®)¢T@ON; Ry !N ¢ ()
-1

t—t(t)
+ / eT(s)Ryé(s) ds. (30)
t

-
Adding (27) and (28) to the right of (23) and substituting (26), (29), and (30) into
(23), we have
LIV, 6)] = vio’ Oo®) + 2T 0)Z0)

T Un+r+r’  «
< (t)[ W, %2} ¢(@)

+ (@) = )T OMR'MT + (1 — )¢ T ON; Ry N ¢ (1), (31)

Using Lemma 2 and Schur complement, it is easy to see that (15) with s = 1, 2 are
sufficient conditions to guarantee

L[V 6] —vie’ Oo®) + 2T 1)Z1) <O0. (32)

Case 2:t € §2p,1.e., T(t) € (11, Tm].

By using Lemma 1 we have

=tm - . e —1y) T —Ry Ry |le(t—1n)
—/t e (s)Rze(s)dssg[e(t_tl)} |:R2 —R2:| [e(r—tl)]' (33)

—11

Employing the free matrix method, we have

-1
2§T(t)Ti|:e(t —1) —e(t—1(1) —/ é(s)ds:| =0, (34)
t—1(t)
t—1(t)
20T (1) S; |:e(t — (1)) —e(t — ;) — / é(s) ds:| =0, (35)
=ty
where
' =[1] 15 T T, TL Tl
SiT = [S i]i Sig Sig Sza Si]; St%]
andi € S.

There exists R3 such that

-1

—2cT(r)T,~/ s = (0~ )T OT RS T )
t—1(t

1—1
+ / ¢T(s)R3é(s) ds, (36)
t—1(t)
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t—t(t)
—2¢7(0)S; / é(s)ds < (tm — 1) TSRy ST ¢ (1)
I—Ty
t—t(t)
+ / éT(s)Rzé(s) ds. (37)
t—1Tym

Adding (34) and (35) to the right of (23) and substituting (33), (36), and (37) into
(23), we have

LIV, 0)] = yPe’ o) + 2 (OZ)

T Qu+r+7r’T &«
<t (t)[ W, %2] ¢(@)

+ (O =)t TOTRI! T ¢ () + (th — )T (OS: R ST e (1), (38)

Using Lemma 2 and Schur complement, it is easy to see that (16) with s = 1, 2 are
sufficient conditions to guarantee

L[V, 6] = v o) + 2T (1)) <0. (39)
Then, the following inequality can be concluded:
E{LV (x i)} < —Amin (¥, 2)E{cT O ()] (40)
Define a new function as
W(xs,i, 1) = eV (xs,i,1). 41)
Its infinitesimal operator L is given by
W(xe,i 1) =€e' V(xs,i,t) + e LV (x,0,1). (42)

By the generalized It6 formula[13], we can obtain from (42) that
t
(Wi, )} — E{W(xo. )] = / € €[V (x,. 1)) ds
0

t
+/ e E{LV (x;, i)} ds. (43)
0

Then, using a method similar to that in [31], we can see that there exists a positive
number « such that for ¢t > 0,

e{Vix,iny<a sup {|o@)| e " (44)

—T <s<0

Since V (x;,1,1) > {Amin(P;)}xT (£)x(¢), it can be shown from (44) that for r > 0,

__ 2
exTx}<a sup {|o®]}. (45)
—Ty<s<0
where & = «/(Amin P;). Recalling Definition 1, the proof can be completed. Il
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Remark 1 In the above proof, it should be noted that V4(x;, 6;) is employed in the
Lyapunov function and ftt—r(r) xT(s)(ij:l 7ij Q2j)x(s)ds is separated into three
parts. From Sect. 5 containing the examples we can see that this method is less con-
servative than the existing ones [29, 30].

Remark 2 Theorem 1 provides a delay-dependent stability condition for MJS with
interval time-varying delays.Throughout the proof of Theorem 1, it can be seen that
the convexity property of the matrix inequality is treated in terms of Lemma 2, which
need not enlarge 7(¢) to 7js; therefore the commonly existing conservatism caused
by this kind of enlargement in [3, 10, 21, 22, 26] can be avoided, which will reduce
the conservativeness of the result.

Remark 3 To further reduce the conservatism, we can divide the variation of the
delay into k (k > 3) parts with equal length. It can be easily extended by the proposed
method in Theorem 1. For the brevity of the analysis, we omit it here.

As a special case, we consider 7 (¢) = 0, that is, the time delay 7 (¢) is a constant.
In this case, system (6) reduces to the system
é(t) = Aje(t) + Agie(t — 7) + Agiw (1), 46)
Z(t) = Lie(t) 4+ Lygie(t — 1) — Lyio(1),

where T denotes the constant time delay of the state in the system.
Using a method similar to that used in [5], the following result can be obtained.

Theorem 2 For some given constants t, d, and y, system (46) is ESMSS with a
prescribed Hy, performance y if there exist P; >0, Q1 >0, Q2 >0, R; >0, and
Z > 0 (i € §) with appropriate dimensions such that the following matrix inequalities
hold:

Yn+Ri+3Z  x *

Y = '3 "0 * <0, (C9))]
vs Y3 Wi
N
Y miRj<Z, (48)
j=1
where
A * * * *
d*x Q1 —Riji1—d=x*Q * * *
o, =] 0 —Ri2 —Rin  * * ,
| 0 —Ri@-1 —Riw-12 -+ —Ri@a-1w@-n
Wy, = _Agi_Pi + 02 —Rigt —Riaz -+ —Rigu-1
Al p; 0 0 0 ’
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Wy, = diag{—Riag — Q2. —v*1},

_ﬁQl_Ai 00 0
Usi=| 104, 0 0 --- 0Of,
L; 0 0 0

_ﬁQl_Adi ﬁQl_Awi
Y= 10Asi TQ2Aui |-

Lyi —Li
W33 = diag{—Q1, — 02, -1},
N
I' = P;A; —|—Al~TPi —i—ZT[iij —d*xQ1— 03,
Jj=1
Rit * * *

Ri21 R % *

Ri.dl Ri.d2 Ri.dd
Proof Define the new vector
TO=["w) Ta-5 a3 o la— )]
and choose the Lyapunov functional as
4
V0= Vi(x,0), (49)

i=1

where

Vi(x, 0) = e’ ()P (O))e(t),
t
Va(xr. 0) = / ¢T (YR (s) ds.
=7
0 t 0 pt
V3(xz, 6;) :r/ f éT(v)Qlé(v)dvds+r/ / T (v)02é(v)dvds,
_5 t+s —TJt+s
0 r .
Va(xe,0;) = / ¢ (W) Z¢ (v)dvds.
—gJt+s
Then, (47) can be obtained similarly to the proof of Theorem 1. O
4 H,, Filter Design

In the following, we are seeking to design the H filtering based on Theorems 1
and 2.

Birkhauser



Circuits Syst Signal Process

Theorem 3 For some given constants 0 < t,, < tpy and y, system (6) is ESMSS with
a prescribed Hyo performance y if there exist P; > 0, Q1 >0, Q2 >0, 03 > 0,
04i>0,R1>0,Ry>0,R3>0,Z, >0, Z, >0, Z3 >0, My, Nix, Tix, Six, and
G; (i €S, k=1,2,...,6) withappropriate dimensions such that the following LMIs

hold for a given ¢ > 0O:

(U + T +TT % *

v = '3 lj/zz * <0, s=12, (50)
B31(s) 0 —-R
(2u+T+77T o« *
2= @21 lf/zz * <0, s=1,2, (51
§231(s) 0 —R3
N
D o mijQaj < Zk, k=123, (52)
Jj=l1
where
B f[] * * * * * ]
ALP+CLGT —(1— w04 * * *
lf/ _ Rl 0 —Q1 — Rl * *
= 0 0 0 0>~ LE S
o 0 0 £ —0s- B
| —AGiPi— Co, Gl 0 0 0 0 —y21 |
B I, * * * * *
ALP+CLGT —(1— w04 * * * *
e _ Rl 0 —Q1 — Rl — RTZ * * *
S0 = 0 0 RTz -0 — RTZ * * ’
0 0 0 0 0 %
| AL P — Co,G] 0 0 0 0 —y% |
B Tm PiAi + TmG_i Ci TmPiAdi + Tmc_;_i Cdi 0 0 O —Tm PiAwi - rmG_iCu)i 7]
By — VP A; + «/ng'ci VP Agi + N/EQiCdi 0 0 0 —6PA,— «/ng'cwi
2T VBP A +V6GiC VoPiAs +3GiCai 0 0 0 —v/8PiAy —/8GiCui |’
L L; Lyi 0 0 0 —Li _

'ffzz = diag{—ZsPi +82R1, —2eP; + £2R2, —2eP; + 82R3, —I},
[l = PA; + AP+ GiCi + CTGT + 01+ 00+ 03+ Q4
N
—Ri+TwZ1 +82Zy+ 823+ Y mj P,
j=1

and I', T, W31(s), and $231(s) (s = 1, 2) are defined as Theorem 1.
Moreover, the filter gain in the form of (5) is given as follows:

G, = P;] G,’.
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Proof Defining (_Pi = P;G;, from (15), (16) and using Schur complement, the matrix
inequalities (15) and (16) hold if and only if

—@11+F+FT * *
U= & dy ok | <0, s=1,2, (54)
w31(s) 0 —-R
(2 +7+7T *
2 = 11,}21 @22 k <O, S = 1,2, (55)
§231(s) 0 —R;
where
¥y, =diag|— PR, ' Pi, —PiR; ' P;, —P;Ry ' P;, —1}.
Since
(Re—¢~'P) " (Re—e7'P) =0, k=1,2,3 (56)
we get
—PiR;'P, < —2ePi + ™R, k=1,2,3. (57)

Substituting — P; Rk_] P; with & P; + £2 Ry, into (54) and (55), we obtain (50) and (51);
hence, if (5_0) and (51) hold, then (15) and (16) hold, and from above proof we have
G, = Pi_lGi. This completes the proof. g

Remark 4 Inequality (57) is used to bound the term — P; R, ! P; in (54) and (55). This
step can be improved by adopting the cone complementary algorithm [8], which is
popular in recent control designs. Here the scaling parameter ¢ > 0 can be used to
improve the conservatism in Theorem 3.

Similarly, the following result can be obtained for system (46).

Theorem 4 For some given constants t, d, and y, system (46) is ESMSS with a
prescribed Hyo performance y if there exist P; >0, Q1 >0, 02>0,R; >0,Z >0,
and G; (i € S) with appropriate dimensions such that the following LMIs hold for a
given ¢ > 0:

@11+Ri+§z * *

¥ = 231 2% * <0, (58)
@31 gi’32 lIA/33

N

Y miiR;<Z, (59)

j=1

where
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B ﬁ k k k k
dxQ01 —Riji1—dx*x0Qq * * *
Jy,=| 0 —Riz1 —Rin * * ,
| O —Ri@-11 —Ri@a-12 -+ —Ri@a-1a-n
§y, — ALPi+CLGT + 02 —Riat —Riaz -+ —Ridgw@-1
= T T AT ,
| Al P -G 0 0 0
A _ﬁPiAi+\/LEG,-Ci 00 -~ 0
Y3 = tPA; +1G;C; o o0 --- 0f,
I L; 00 - 0
_ﬁPiAdi + ﬁéicdi —ﬁPz‘Awi - ﬁéicwi
U= | tPAy+1G;Cyi —TPAwi —1GiCui |,
L Lai —Lei

33 = diag{—2e Pi + 6% Q1, —26 P; + £ 02, — 1},
N
I' = P;A; +Al~TPi + G;C; —G—CI-TGI-T +ZJTiij —d*x Q1 — 0>,
j=1

and ¥y, and R; are defined as in Theorem 2.
Moreover, the filter gain in the form of (5) is given as follows:

G =P 'G;. (60)

5 Example

In this section, a well-studied example is used to illustrate the effectiveness of the
approaches proposed in this paper.

Example 1 Consider a Markovian jump system in (1) with two modes and the fol-
lowing parameters [30]:

I _[—22460 —1.4410 A, _[1:8999 08156
T -1.5937  —2.9289 | 27 0.6900 —0.7881

i, _[—07098 1.1908 i, —[~1.5198 —1.6041
=] 0.6686 —3.2025] 27101567 —1.2427)

i [o.0403 i _[ 0568
@t =10.6771) @2~ | ~0.2556

L= [—0.3775 —0.2959] , L, = [—1.4751 —0.2340] ,
Ly = [0 0] , Lp = [0 0] , Ly =—0.1184, L, =-—0.3148.
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Table 1 Maximum allowable

values of 77 for 4 0.4 0.8 1.2 1.6

m =0, ©=0.5, and

0 = —0.6 Ty by [30] 0.3359 0.3975 0.4116 0.4181
7p7 by Theorem 1 0.3666 0.4293 0.4450 0.4524

Table 2 Maximum allowable

values of 7 for u =1 and 4 0.4 0.8 1.2 1.6

myp=—1
)7 by [30] 0.2690 0.2833 0.2852 0.2858
7p7 by Theorem 1 0.3616 0.4206 0.4353 0.4422

Suppose that the transition probability matrix is given by 13 = —3.

For several values of © and mp;, the computation results of 7, are listed in Ta-
bles 1-2. Obviously, for the same conditions of the time delay, our results are less
conservative than those in the existing references.

To illustrate the proposed method on filtering design, two examples are considered

as follows.

Example 2 Consider linear Markovian jump systems in the form (1) with two modes.
For modes 1 and 2, the dynamics of systems are described as

-3 1 0 -02 0.1 06
A= 03 -25 1 [, Agi=| 05 -1 —-08],
| —0.1 03 338 0 1 =25

B!
Aw1: O )
|1
Cc,=[08 03 0], Cai=[02 -03 -0.6], Cy1 =0.2,
Ly=[05 —0.1 1], La=[0 0 0], Ly1 =0,
[—25 05 —0.1 0 -03 06
A= 01 =35 03|, Ap=] 01 05 o |,
| —0.1 1 -2 -06 1 —08
[—0.6
Apn=1 05 |,
| 0
C;=[05 02 03], Caa=[0 —06 0.2], Cwr =0.5,
Ly=[0 1 06], Lp=[0 0 0], Lo =0.

Suppose that the transition probability matrix is given by = = [ 70(')55 Pd%] and the

initial conditions x (0) = [—0.2 0.3 0.9]7, £(0) = [—0.4 0.6 1.8]"".
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Fig. 1 Operation modes 3
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By using Theorem 3 we can get the maximum time delay t) = 5.0944 for 7, =
0.1, u =0.4, ¢ =10, and y = 0.5. The corresponding filter parameters are given as

0.3837 2.2251
Gy =|—-14310], Gy=|—-0.1772
—3.1457 —0.6581

To illustrate the performance of the designed filter, choose the disturbance function
as follows:

) = 0.1, 2<t<S5,
o) = 0, otherwise.

With this filter, Figs. 1-4 show the operation modes of the MJS, interval time-
varying delay, estimated signal z(¢), Z(¢), and estimated signals error n(t) = z(t) —
Z(1), respectively.

Example 3 Consider linear Markovian jump systems in the form (46) with two
modes. For modes 1 and 2, the parameters of system (46) are described as in Ex-
ample 2.

This system is nominal one considered in [9]. By Theorem 4, when ¢ = 10 and
y = 1.2, for different d, the computation results of t are listed in Table 3. Obviously,
for the same conditions for the time delay, our method can lead to less conservative
results.

When d =4, ¢ =10, and y = 1.2, we get the maximum time delay t = 2.2179,
and the corresponding filter parameters are given by

0.5492 1.3004
Gi=| 0.2716 |, G,=|—-1.0214
—4.2943 —1.0646
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Fig. 2 Interval time-varying
delay

Fig. 3 Estimated signals z(¢)
and Z(¢)

Fig. 4 Estimated signals error
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Estimated signals

n

Time t(sec)

0.05

0.04

0.03

0.02

0.01

-0.01

-0.02

-0.03

-0.04

10
Time t(sec)

15

5 10
Time t(sec)

Birkhauser



Circuits Syst Signal Process

Table 3 Maximum allowable
values of t for ¢ = 10 and [9]
y=12

T 1.9195 2.0784 2.1886 2.2179 2.2220

6 Conclusion

In this paper, we have studied a class of H filter design for Markovian jump systems
with time-varying delays via manipulating a new Lyapunov function and using the
convexity property of the matrix inequality. By using the piecewise analysis method,
LMI-based sufficient conditions for the existence of the desired H filter have been
derived, which can lead to much less conservative analysis results. Finally, numeri-
cal examples have been carried out to demonstrate the effectiveness of the proposed
method.
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