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ABSTRACT. This paper proposes a class of Ho filter design for Markovian jump systems
with time-varying delays. Firstly, by exploiting a new Lyapunov function and using the
convezity property of the matriz inequality, new criteria is derived for the Ho, perfor-
mance analysis of the filtering-error systems, which can lead to much less conservative
analysis results. Secondly, based on the obtained conditions, the gain of filter can be
obtained in terms of linear matriz inequalities (LMIs). Finally, numerical examples are
given to demonstrate the effectiveness and the merit of the proposed method.
Keywords: Time-delay systems, H., filter, Markovian jump systems

1. Introduction. During the past few decades, Markovian Jump Systems (MJSs) have
been attracted much attention [1, 2, 3, 4, 5, 6], which can be regarded as a special class
of hybrid systems with finite operation modes whose structures are subject to random
abrupt changes. The system parameters usually jump among finite modes, and the mode
switching is governed by a Markov process. MJSs have many applications, such as failure
prone manufacturing systems, power systems and economics, etc. A great number of
results on estimation and control problems related to such systems have been reported in
the literature [7, 8, 9, 10, 11].

Recently, the problem of H, filtering of linear/nonlinear time-delay systems has also
received much attention due to the fact that for many practical filtering applications, time-
delays cannot be neglected in the procedure of filter design and their existence usually
results in a poor performance [12, 13, 14]. Some nice results on H, filtering for time-delay
systems [15, 16] have been reported in the literature and there are two kinds of results,
namely delay-independent filtering [17] and delay-dependent [18, 19, 20, 21, 22, 23]. The
delay-dependent results are usually less conservative, especially when the time-delay is
small. The main objective of the delay-dependent H, filtering is to obtain a filter such
that the filtering error system allows a maximum delay bound for a fixed H., performance
or achieves a minimum H,., performance for a given delay bound.
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1300 J. LIU, Z. GU AND S. HU

This paper addresses the problem of H,, filter design for MJSs with interval time-
varying delay. To obtain less conservative results, a new Lyapunov function is constructed,
which includes the lower and upper delay bound of interval time-varying delay. Based on
this, one splits the item ftt_T(t) el (s)Q2(0;)e(s)ds into two parts to deal with, respectively,
and uses the convexity of the matrix functions to avoid the conservative caused by en-
larging 7(t) to 7as in the deriving results. Compared with the existing method [24, 25],
the conservativeness of the derived H,, performance analysis results is further reduced.
Novel H,, filter design criteria are obtained. Examples used in [24, 25] are employed to
show the effectiveness and less conservativeness of the proposed methods.

Notation: R™ and R™™ denote the n-dimensional Eculidean space, and the set of n xm
real matrices; the superscript “I” stands for matrix transposition; [ is the identity matrix
of appropriate dimension; || || stands for the Euclidean vector norm or the induced matrix
2-norm as appropriate; the notation X > 0 (respectively, X > 0), for X € R™™"™ means
that the matrix X is real symmetric positive definite (respectively, positive semi-definite).
When z is a stochastic variable, E{x} stands for the expectation of z. For a matrix B and

A : .
*] denote a symmetric matrix, where * denotes

two symmetric matrices A and C, [ B C

the entries implied by symmetry.

2. Problem Statement and Preliminaries. Fix a probability space (€2, F, P) and
consider the following class of uncertain linear stochastic systems with markovian jump
parameters and time-varying delays (X)

@(t) = A(O)x(t) + Aa(0)x(t — (1)) + Au (01w (t)
y(t) = C(0)x(t) + Ca(0p)(t — 7(1)) + Cor(0r)w(t) (1)
z(t) = L(0y)x(t) + La(0;)x(t — 7(t)) + Ly (0r)w(t)
z(t) = o(t), Yt € [—Tam, —Tm
where z(t) € R™ is the state vector, y(t) € R" is the measurement vector, w(t) € Ls[0, 00)
is the exogenous disturbance signal, z(t) € R? is the signal to be estimated, {6;} is a

continuous-time Markovian process with right continuous trajectories and taking values
in a finite set S = {1,2,--- , '} with stationary transition probabilities:

Probionen=sl0c =y = { T o 12 @
where h > 0, flg% % = 0 and m;; > 0 for j # i is the transition rate from mode 7 at time
t to the mode j at time ¢t 4+ h and

N
Mi=— Y, (3)
J=1, j#i

In the system (1), the time delay 7(¢) is a time-varying continuous function satisfying
the following assumption.

0<7, <7(t) <71y <00, 7(t)<p, Vt>0 (4)

where 7, is the lower bound and 7,; is the upper bound of the communication delay.
In this paper, we consider the following filter for system (1)

2(t) = A(6)2(t) + Aa(61)2(t — 7(1)) + G(6,)(§(t) — y(t))
g(t) = C(0,)2(t) + Cal(6r)(t — 7(1)) (5)
3(t) = L(0)i(t) + La(0,)3(t — 7(t))
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The set S comprises the various operation modes of system (1) and for each possible
value of ; =i, 1 € §, the matrices associated with “i-th mode” will be denoted by

Ai = A(Qt = Z), Adi = Ad(et = Z), Awi = Aw(gt = Z)

Ci:=C0,=1), Cy :=Cy(0; =1), Cui:=Cu,(0; =1)

Li = L(Ht = Z), Ldi = Ld(et = Z), Lwi = Lw(ﬁt Z)
where A;, Agi, Awi, Cs, Cai, Cuiy Ly, Lgi, Ly,; are constant matrices for any ¢ € S. It is
assumed that the jumping process {6} is accessible, i.e., the operation mode of system
(%) is known for every ¢t > 0.

Let e(t) = z(t) — z(t) and Z(t) = 2(t) — z(¢). Then we have the following filtering error
system:

é(t) = Ase(t) + Agie(t — 7(t)) + Agw(t) (©)
Z(t) = Lie(t) 4+ Lgie(t — 7(t)) — Lyw(t)

where A; = A; + GiCi, Agi = Agi + GiCai, Avi = —Aui — GiCli.
The H,, filtering problem addressed in this paper is to design a filter of form (6) such
that

e The filtering error systems (6) with w(¢) = 0 is exponentially stable.
e The H. performance |Z(t)]l2 < 7| w(t)||2 is guaranteed for all nonzero w(t) €
L5[0,00) and a prescribed v > 0 under the condition e(t) = 0, Vt € [—Tar, — T ).

The following lemmas and definitions are needed in the proof of our main results.

Lemma 2.1. [26] For any constant matriz R € R, R = RT > 0, constant 7y > 0 and

vector function & : [—7pr, 0] — R™ such that the following integration is well defined, it
holds that

—Tur /:TM &7 (s)Ri(s)ds < [ z(t) )]T {_RR _RR} L(tx_(t)TM)} (7)

Lemma 2.2. [27] Suppose 0 < 1, < 7(t) < a1, Z1, Zo and Q) are constant matrices of
appropriate dimensions, then

(T(t) = T)=Z1 + (T — 7(£))Z2+ Q2 <0 (8)
if and only if (Tar — Tn)Z1 + Q < 0 and (Tar — Tim)Z2 + 2 < 0 hold.

Definition 2.1. The system (6) is said to be exponentially stable in the mean-square
sense (EMSS), if there exist constants o > 0, X > 0, such that t > 0

E{|lz()]*} < ae™  sup MEO!; (9)

—Tr <8<
Definition 2.2. For a given function V : C}, ([—7a,0], R") x S — R, its infinitesimal
operator L [28] is defined as

LV (x;) = lim l[E(X/(yz,’l‘/+A]oﬂvt) —V(xy))] (10)

A0+ A

3. Main Results.

Theorem 3.1. For some given constants 0 < 7, < Ty and vy, the systems (6) is EMSS
with a prescribed H., performance 7y, if there exist P, > 0, Qo > 0, Q1 > 0, Qo > 0,
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Ry >0, R >0, Z1 >0, Zy >0, M, and Ny, (iES, k=12,

.-+, 5) with appropriate
dimensions such that the following matrix inequalities hold

VAT * * *
\1121 ‘1122 * *
U = <0, =1,2 11
NIES) Wy Was * s ( )
\1141(8) \1142(5) 0 —Rl
N
Zﬂ'z‘jQQj S Zk, k’ = ]., 2 (12)
j=1
where
N
Uy = PA+ AP+ Qo+ Q1 + Qo — Ry + T Zy + 675 + Zﬂz‘jpj
j=1
[ALP, — MY + N}
B Ry + MZL
\IJQI — tNZ’];
- an
i T * *
‘I/ . - Z3+M£+N13 —QO—R0+M13+M£ *
22 —M;4 + Ny — N My — NE —Q1 — Ny — N}
| M5+ Nis M; — Vi —°I
[T RoA; TmRoAs 0 0 7, RoA
s = [VORA;| , V3| VOR Ay 0 0 VR Ay,
L Lz Ldi O 0 _Lwi
Was diag{—RO, —Ry, —[}

Wi (1) = VoMY, Wy (2) = VONE

V(1) = [VoMEL VoML VoML VML)

Uip(2) = [VONS VONE VONL VONE]
I'= —(1—p)Qo — My — M} + Ny + N}

O =Ty — T

Proof: Introduce a new vector

¢ty =1[e"(t) et —7(t) et —7m) e'(t—7u) w'(t)]

and two matrices I'y = [4; Az 0 0 Ay|, To=[L; Lsi 0 0 —Ly]
Rewrite (6) as

é(t) = TiC(t
=

Let z4(s) = x(t +s) (—7(t) < s <0). Then, similar to [29], {(z¢, 6;), t > 0} is a Markov
process. Construct a Lyapunov functional candidate as

4
V(%, et) = Z V;(-%.ta et)
i=1

where

(14)
Vi(zy,0) = GT(t)P(et)e(t)
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V) = [ Fo@eis s [ Toesist [ Qi)

t—Tm
Vs (24, 0;) —Tm/ / v)Roé(v dvds—l—/ / v)R1é(v)dvds
t—Tm J s t—Tng s
t—Tm
Vi(xy, 0;) = / / v)Zye(v dvds+/ / v) Zae(v)duds
t—Tm J s t—7n S

Let £ be the weak infinite generator of the random process {x;,6;}. Then, for each
0, =1 (i €S), we have

t

N
L[V (2, 60,)] < €' (t) <2Pz'Ai + > TP+ Qo+ Q1 + Qai + TmZ1 + 6Z2> e(t)
j=1

+2el (t) P Agie(t — 7(t)) + 2eT (1) PiAiw(t) — el (t — 7)) Qoe(t — )
+oe! () Ric(t) — (1= ple’ (t — 7(t))Que(t — 7(t))

/ . (Z %sz) s)ds + 12" (t) Roé(t)
—e(t — Tar)Qre(t — Tas) — Tm /t ¢(s)Roé(s)ds

-/ T Rae(s)ds /tt%e%)zle(s)ds -/ () Zaels)ds (19

—T™M —TM

Note that

/;t el (s) (i%@j) o(s)ds
_ /tt_T (Z wwczzj> $)ds + /;Tm e7(s) (é WQJ,) s (16)

From (12) and (16), we have

/M(t <Z%@w> s)ds — /;me%s)zle(s)ds— [ ez

t—Tm N
-/ ) [Zw%—zl s+ [ ) (Z%%) e(s)ds
t—Tm j=1 t—7(t) 7j=1
—/t_Tm el (5)Zye(s)ds

t N

< / 7 (s) [Z 7 Qo — 71
t—Tm j=1
t—Tm N

+/t eT(S) [Z WijQQj — ZQ

—7(t) j=1

e(s)ds

e(s)ds <0 (17)
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Applying Lemma 2.1, we have

o [ omitsis < [0 [ BT 0T g

Combining (15), (17), (18) and introducing slack matrices M;, N;, i € S, we obtain
LIV (24, 0,)] — v’ (w(t) + 27 (£)(t)

N
< e’ (1) <2Pz‘f_1i + Z mi; Py + Qo + Q1 + Qo + T 21 + 522) e(t)

+2eT (1) P Aiw(t) — T (t — 7)) Qoe(t — ) — €T (t — Tar)Qure(t — Tar)

—(1 = p)e" (t — 7(1))Que(t — 7(1)) + 72T (#) Roé(t) + 5éT (t) Rié(2)
e) 1" [-Re Ro e(t) o .

+ [e(t - Tm)] { Ry —Ro] [e(t - Tm)] - / ¢ (9)Réls)ds

t—Tm

+2e” (1) P Agie(t — 7(t)) — 7w’ (w(t) + ¢ ()T T2( (1)

42T (0 M [e(t ) — et — (1) — /tt_(: é(s)ds]

t—7(t)
+2¢T(H)N; [e(t—T(t)—e(t—TM)— / é(s)ds] (19)
t—TM
where
M = [ME ML ML ML ML
N =[Ni Nj Nj Nj N
Note that

oM, [ etds < [ RIS () — 1) CTOMETMEC() (20)
t—7(t) t—7(t)
t—7(t)

t—T(t)
_o(T(1)N; é(s)ds < / &7 (5)Raé(s)ds + (rar — ()T (O NRINTC(E) (21)

K3
t—Tn t—Tn

From (19) — (21), we can obtain
LIV (x4,6,)] — " (tw(t) + 27 (8)2(1)

N
< €T<t) <2PZ/L + Z Wijpj + Qo+ Q1+ Qo + T 21 + 5Z2> e(t)

+2e” () PAge(t — 7(t)) — Yw’ (Hw(t) + ¢ (T3 Ta((t)
+2eT (1) P Aiw(t) — el (t — 7,,)Qoe(t — 7o) — €* (t — Tar)Que(t — Tar)
—(1 = p)e’(t — 7(1))Qaie(t — 7(t)) + 72T (t) Roé(t) + de™ (t) Rié(t)

+ [e<t6£t)7m)r [‘R? —Rﬁo} L(teﬁt)fm)}

+2¢T () Mile(t — 1) — et — ()] + 2¢T (H)Nife(t — 7(t) — e(t — Tar)]
H(7(t) = 7)) (O MR MTC(E) + (Tar — 7(4)CT () NiRTENTC(#) (22)
Using Lemma 2.2 and Schur complement, it is easy to see that (11) with s = 1, 2 are

sufficient conditions to guarantee
LIV (1, 6,)] = 72" (Ow(t) + 27 (D)3() < 0 (23)
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Then, the following inequality can be concluded
E{LV (w1,1,1)} < =i (V) E{CT (£)C(1)} (24)

Define a new function as W (xy,i,t) = eV (14,1, t), Its infinitesimal operator £ is given

by
Wy, i,t) = eeV (4,0, t) + e LV (24,1, 1) (25)
By the generalized It6 formula [28], we can obtain from (25) that
¢ ¢
E{W (x4,i,t)} — E{W(x0,1)} = / ce“E{V (xs,1)}ds + / e“E{LV (xs,7)}ds  (26)
0 0

Then, using the similar method of [2], we can see that there exists a positive number «
such that for t > 0

V(i <a_sw_{lo(s)}e @
since V(zy,4,t) > {Amin(5) }2T (¢)2(t), it can be shown from (27) that for ¢ > 0

BT 0a0} a sw_ {Jo(9)]) 9
where & = o/ (Amin P;). Recalling Definition 2.1, the proof can be completed. O

Remark 3.1. In the above proof, it should be noted that a new Lyapunov function is
N

constructed, and ft 0T 27 (s) Zlm-jQQj x(s)ds in (17) are separated into two parts.
‘]:

Moreover, examples below show that this method has less conservative than the existing
ones [6, 25].

Remark 3.2. Theorem 3.1 provides a delay-dependent stochastic stability condition for
MJS with interval time-varying delays. Throughout the proof of Theorem 3.1, it can be
seen that the convexity property of the matriz inequality is treated in terms of Lemma 2.2,
which need not enlarge T(t) to Ty, therefore, the common existed conservatism caused by
this kind of enlargement in [30, 31, 32, 33| can be avoided, which will reduce the conser-
vative of the result.

In the following, we are seeking to design the H, filtering based on Theorem 3.1.

Theorem 3.2. For some given constants 0 < 7, < Ty and vy, the augmented systems
(6) is EMSS with a prescribed Hy, performance «y if there exist P; > 0, Qp > 0, Q)1 > 0,
Q2 >0, Rg>0, R >0, 72, >0, Zy >0, Gy, My, and Ny, (i €S, k =1,2---,5) with
appropriate dimensions such that the following LMIs hold for a given ¢ > 0

‘ijll * * *
G| Y Yo o x5 (29)
NES U3y W33
\:[141(8) 11142(8) 0 —Rl
N
Zﬂz‘ijj <Zy, k=12 (30)

where

N
Uiy = PA; + ATP+ GiCi+ CT G + Qo+ Q1 + Qoi — Ro+ T Zy + 620+ Y _ w3 P

J=1
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[ALP, + CLGT — MY + N} r PA 47 G

N T A _
Uy = RO_—;V%“ . Vs = [VOPA; + VGG,
_ATp T Li

. [ Tm-PiAdi + Tméiodi 0 0 _Tmf)iAwi - TmGiji
Uso = | VOPAs +V0GCyi 0 0 —VOP Ay, —ViGCyy
i Lg; 0 0 —L;

Wy = diag{—2eP; + >Ry, —2cP; + ¢’ Ry, —1}
and Way, Wyq(s), Yyo(s) and 6 are as defined in Theorem 3.1.
Moreover, the filter gain in the form of (5) as following:

Proof: Defining G; = P,G;, from (11) and using schur complement, the matrix in-
equality (11) holds if and only if

@11 * * *

‘@21 Woo * *

Vs W3y Wss *
\1141(8) \I’4Q<S) 0 —Rl

U =

where
W43 = diag{—P,R;'P;, —P,R{'P,, —I}
Due to
(R, — e *P) (R, —¢'P) >0, k=01, icS (33)
which gives
—PR,'P, < —2eP,+ &Ry, k=0,1, i€S (34)

Substituting —P; R, ' P; with —2¢P; + 2Ry, (k = 0, 1) in (32), we obtain (29), so, if (29)
holds, we have (11) holds, and from above proof, we have G; = P, 'G;. This completes
the proof. O

Remark 3.3. The inequality (34) is used to bound the term —Pl-R,;lPi. This step also can
be improved by adopting the cone complementary algorithm [34], which is popular in recent

control designs. Here the scaling parameter € > 0 can be used to improve conservatism in
Theorem 3.2.

4. Numerical Example. In this section, well-studied examples are used to illustrate
the the effectiveness of the approaches proposed in this paper.

Example 4.1. Consider a Markovian jump system in (6) with two modes and the follow-
ing parameters [25]:

1 —92.2460 —1.4410 4 [F18999 08156 ] 4 —0.7098 1.1908
L7 1215037 —2.9289|° 27 | 0.6900 —0.7881]" "™ ~ | 0.6686 —3.2025|’

4. _ | 15198 —1.6041 4. _ [0-0403] 5 [0.5689

27101567 —1.2427|° 7V T 10.6771] 7% T | —0.2556]

Ly = [-0.3775 —0.2959], Ly = [-1.4751 —0.2340], Ly = [0 0],
Lap = [0 0], Loy = —0.1184, L, = —0.3148.

Suppose the transition probability matrix is given by w1, = —3.
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For several values of pn and may, the computation results of Tp; are listed in Tables 1 — 3.

Tables 1 — 3 show the mazimum allowable values of Ty for p = 0.5 and me = —0.6,
=1 and myy = —0.6, p =1 and w9y = —1, respectively. From Tables 1 — 3, we can see
our method can lead to less conservative results.

TABLE 1. Maximum allowable values of 75; for u = 0.5 and myy = —0.6
y 0.5 1 1.5 2
v by [25] 0.5657 0.4062 0.4168 0.4219
v by Theorem 3.1 0.3968 0.4388 0.4510 0.4569
TABLE 2. Maximum allowable values of 75; for y = 1 and 79 = —0.6
y 0.5 1 1.5 2
v by [25] 0.2772 0.2846 0.2857 0.2861
v by Theorem 3.1 0.3966 0.4355 0.4468 0.4520
TABLE 3. Maximum allowable values of 7); for u =1 and w9 = —1
y 0.5 1 1.5 2
v by [25] 0.2773 0.2846 0.2857 0.2861
v by Theorem 3.1 0.3896 0.4296 0.4408 0.4463

To illustrate the proposed method on filtering design, another example is considered as
follows.

Example 4.2. Consider linear Markovian jump systems in the form (1) with two mode.
For modes 1 and 2, the dynamics of system are described as

-3 1 0 —0.2 0.1 06 1
Ar=103 —25 1|, Ag=1]05 -1 —08], A, =|o0],
~0.1 03 -3.8 0 1 -25 1

C,=[08 03 0], Cu=1[02 —03 —06], Cu=02
Liy=[05 =01 1], Lu=[0 0 0], L,=0,

25 05 —0.1 0 -03 06 —0.6
Ay=101 =35 03], Ap=1]01 05 0 |, Apn=]05],
01 1 -2 —06 1 —0.8 0

Cy =105 02 03], Cp=[0 —06 02], C,=0.5,
Ly=1[0 1 06], Lg=1[0 0 0], Lu=0.

—-0.5 0.5
03 -0.3

conditions x(0) = [0.8 0.2 —0.9}T, £(0) =1[0 02 0 This system is nominal one
consider in [24]. By Theorem 3.2, we get the maximum time delay Ty = 6.4763 for
Tm = 0, u =0, ¢ = 10 and v = 1.2. This upper bound is much larger than the one
v = 1.9195 given by [24], which shows our method has less conservative than that of

[24].

Suppose the transition probability matriz is given by m = [ } and the initial

]T
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The corresponding filter are given by

0.5399 0.4684
Gy = |—1.1596|, Gy= | 0.3923
—3.5158 —1.3604

To illustrate the performance of the designed filter, choose the disturbance function as
follows
—0.5, b5<t<10
w(t) = 0.5, 15<t<20
0, otherwise
With this filter, Figures 1 — 4 show the operation modes of the MJS, interval time-
varying delay, estimated signal z(t), Z(t) and estimated signals error n(t) = z(t) — Z(t),
respectively.

3 T 7
25 6y
s
2
() .t
-é 15 1 t.:/ .
1
A
0.5 1 1t
0 . : : : ; 0 . : : :
o] 5 10 15 20 25 30 0 5 10 15 20 25 30
Time t(sec) Time t(sec)
FIGURE 1. Operation modes FIGURE 2. Interval time-
of MJS varying delay
0.6 0.4

Estimated signals

. . . . . . . . . .
5 10 15 20 25 30 0 5 10 15 20 25 30

Time t(sec) Time t(sec)
FiGUurE 3. Estimated signal FiGURE 4. Estimated signals
z(t) and Z(t) error n(t) = z(t) — Z(t)

5. Conclusions. In this paper, we have studied a class of H, filter design for Markovian
jump systems with time-varying delays via manipulating a new Lyapunov function and
using the convexity property of the matrix inequality. With the proposed method, an
LMI-based sufficient condition for the existence of the desired H, filter has been derived,
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which can lead to much less conservative analysis results. Finally, Numerical examples
have been carried out to demonstrate the effectiveness of the proposed method.
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tion of China (NSFC) for its support under grant Nos. 61074025, 61074024, 60834002,
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