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The delay considered is assumed to be satisfying a certain stochastic characteristic.
Meantime, the delays of GRNs are described by a binary switching sequence satisfying
a conditional probability distribution. The aim of this paper is to design a state
estimator to estimate the true states of the considered GRNs through the available out-
put measurements. By using Lyapunov functional and some stochastic analysis tech-
niques, the stability criteria of the estimation error systems are obtained in the form
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Markovian jumping parameters of linear matrix inequalities under which the estimation error dynamics is globally

Time-varying delays asymptotically stable. Then, the explicit expression of the desired estimator is shown.
Finally, a numerical example is presented to show the effectiveness of the proposed
results.
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1. Introduction

It is well known that genetic regulatory networks (GRNs) have become an important new area in biological and biomed-
ical sciences and a large amount of outstanding results have been published in recent years [1-4]. Different kinds of com-
putational models have been applied to investigate the behaviors of GRNs, for example, Bayesian network models [5],
Petri net models [6], the Boolean models [7], and the differential equation models [8]. Among these models, the differential
equation model describes the rate of change of the concentrations of gene products, such as mRNAs and proteins, as contin-
uous values.

As one of the mostly investigated dynamical behaviors, the state estimation for GRNs has recently stirred increasing re-
search interest, see [9,10] and the references therein. In fact, this is a difficult issue since GRNs are complex nonlinear sys-
tems. Due to the complexity, it is often the case that only partial information about the states of the nodes is available in the
network outputs. In order to understand the GRNs better, it becomes necessary to estimate the states of the nodes through
available measurements. In [9], the robust H,, state estimation problem has been investigated for a class of discrete-time
stochastic genetic regulatory networks (GRNs) with probabilistic measurement delays. In [10], the robust H. state
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estimation problem has been investigated for a general class of uncertain discrete-time stochastic neural networks with
probabilistic measurement delays.

Recently, GRNs with time-delays in the form of differential equations have received particular research attention
[9,11-13]. The main reason lies in the fact that the parameters and the saturation functions of GRNs cannot be measured
exactly [9]. Time delays can occur inevitably in transcription, translation, and translocation processes because of the slow
reaction process. Considering that time delays is inevitable in practice, we must take this case into account.

In practice, due to component failures or repairs and sudden environmental changes, the transition from one state to the
next usually takes place in accordance with certain transition probabilities. GRNs may be subject to network mode
switching, which is determined by a Markovian chain. It should be pointed out that, there are many results on the dynamic
analysis of Markovian switching systems [14-16], In [14], the stability analysis problem is investigated for a class of
Markovian jumping genetic regulatory networks (GRNs) with mixed time delays (discrete time delays and distributed time
delays) and stochastic perturbations. In [16], the problem of parameter-dependent robust stability analysis has been studied
for uncertain Markovian jump linear systems with time-varying delay. However, there are no papers to deal with the state
estimation for stochastic genetic regulatory networks (GRNs) with random delays and Markovian jumping parameters.

Motivated by the above discussion, in this paper, we focused on the state estimation problems for Markovian jumping
stochastic genetic regulatory networks (GRNs). Our aim is to derive sufficient conditions for the addressed problem by
employing Lyapunov functional, the free-weighting approach and the stochastic analysis techniques. Then the state estimate
gains can be designed. The rest of this paper is outlined in the following way. The problem addressed is presented and some
preliminaries are briefly provided in Section 2. In Section 3, a sufficient criteria is established in terms of linear matrix in
equalities (LMIs) and the explicit expression of the estimator gains is derived. In Section 3, a numerical example is provided
to demonstrate the effectiveness of the main results obtained.

Notation: R" and R™™ denote the n-dimensional Eculidean space, and the set of n x m real matrices; the superscript “T”
stands for matrix transposition; I is the identity matrix of appropriate dimension; || - || stands for the Euclidean vector norm
or the induced matrix 2-norm as appropriate; the notation X > 0 (respectively, X > 0), for X € R™" means that the matrix X
is real symmetric positive definite (respectively, positive semi-definite). When x is a stochastic variable. For a matrix B and

two symmetric matrices A and C, [A *

B C} denotes a symmetric matrix, where x denotes the entries implied by symmetry.

2. System description

Consider the following genetic regulatory network with Markovian jumping parameters and time delays present in [17]:
{ m(t) = —A(r(t))m(t) + W(r(t))g(p(t — a(t)))
p(t) = =C(r(t)) + D(r(t))m(t — 1(t))
where A(r(t)), W(r(t)),C(r(t)),D(r(t)) are known constant matrices for a fixed system mode. The nonlinear function
g(1) = (g1 (1), 8, (Vo (1), . .., €, (¥(1)),)” denotes the feedback regulation of the protein on the transcription, which is

(1)

usually taken as the Hill form, i.e., g;(y;(t)) = %, h; is the Hill coefficient. ¢(t) and (t) are the time-varying delays;

Let r(t) (t > 0) be a right-continuous Markov chain on the probability space and take values in a finite space
S ={1,2,...,N} with generator IT = (7). given by
{ (7 + ATty)o(6) + 0(dt), ifi#j

1+ (mj + Amy)d(t) + o(dt), ifi=j
where d(t) > 0,7y > 0 is the known transition rate from i to j, if j # i while 7; = -3~ ;7. Then, the genetic regulatory net-
works (1) could be described by the following vector form:
{ m(t) = —Aim(t) + Wig(p(t — o(t)))
p(t) = =Cip(t) + Dim(t — 7(t))

P{r(t +6(t)) = jlir(t) = i} =

2)

Assumption 1 [17]. Taking probability distribution of the time delays 7(t) and o(t), into account, for some given scalars 7,
and o1, two sets of functions are defined as

Q ={t:7(t) € [Tm, T1)}, Q2 ={t:7T(t) € [T1,TM]}

Q={t:0(t) €om,01)}, Qs={t:0(t)<c|or,0u]}

T(t)for t € t(t)fort € O
t)= t) =
u(0) {Oforteﬁz () {Ofortte
o(t)fort e Qs o(t)fort e Qy
t)= R t) =
a1(0) {Ofortem 72(0) {Oforteﬂg
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From the definitions of the Q;,Q,, Q3 and Q, it can be easily seen that t € Q; means that the event 7(t) € [T, T1) Occurs,
t € , means that the event 7(t) € [ty, Ty] Occurs, t € Q; means that the event o(t) € [om, 1) occurs and t € Q, means that
the event o(t) € |01, om] occurs.

Therefore, the stochastic variables a(t), §(t) can be define as

1, te 1L tes
a(t)_{O, teQ,’ ﬁ(t)_{O, teQ,

Assumption 2. «(t), (t) are Bernoulli distributed sequences with
Prob{o(t) =1} = E{a(t)} = a9, Prob{a(t) =0} =1—E{a(t)} =1 — ap.
Prob{p(t) = 1} = E{p(t)} = By, Prob{p(t) =0} =1 —E{p(t)} =1 — f,.

where 0 < oy < 1,0 < By < 1 are constants and E{c(t)} and E{B(t)} are the expectation of o(t), f(t) respectively.

Remark 1. It should be noticed from Assumption 2 that

E{o(t)} = oo, E{(at(t) — 0t0)*} = oto(1 — o), E{B(t)} = o, EL(B(t) — Bo)} = Bo(1 — Bo)

Assumption 3. Since g(-) is a monotonically increasing function with saturation, from the definition of g(-), we can find that
g(-) satisfies the following condition

gW)@E) —ky) <0 (v;#0,i=1,2,....n) 3)
By Assumptions 1 and 2, the system (2) can be rewritten as

{ m(t) = —Aim(t) + p(O)Wig(p(t — a1 (1)) + (1 — B()) Wig(p(t — 02(t))) @)
p(t) = —Cip(t) + a(t)Dim(t — T4(¢)) + (1 — o(t))Dim(t — Ta(t))

For the complexity of large-scale networks, only partial information about the gene states is available. Therefore, in order
to obtain the true states of the GRNs, we need to estimate the gene states from available measurements. Similar to Refs.

[9,18], we can assume the network measurements to be given as follows:
Zm () = Mm(t)
{ zy(t) = Np(t)
where zj,(t),z,(t) € R" are the actual measurement outputs and M,N are known constant matrices with appropriate

dimensions.
In this paper, based on the available network outputs in (5), we construct the following state estimator for the GRNs (4):

(5)

{ M(t) = ~Am(E) + Kulzn (1)  2n(0)] ©)
P(E) = ~Cip(t) + Kailzp(t) — 2,(1)]
and
{zmm = Min(t) (7)
2(t) = Np(t)

where Z,(t),2,(t) € R™" are the estimations of m(t), p(t) and Ky;, K3; € R™™ is the estimate gain matrix to be designed later.
The main objective of this paper is to find suitable observer gains Ky; and K»;, so that Z,(t) and 2, (t), respectively, approach
to m(t) and p(t).
By setting the estimation error m(t) = m(t) — m(t),p(t) = p(t) — p(t) and the output errors be Zz,(t) = zn(t) — Zn(t),
Zp(t) = zp(t) — 2,(t), the error dynamics of the state estimation can be obtained from (4)-(7) as follows:

{ () = —(A; + KuM)m(t) + BOWg(p(t - 61(1))) + (1 = BO)Wig(p(t - 72(1))) @)
p(t) = —(Ci + KaiN)p(t) + au(t)Dim(t — T (t)) + (1 — o(t))Dim(t — To(t))

Remark 2. o(t) and B(t) are introduced to describe the distribution information of the random delay, from which we can
derive less conservative conditions For example, the piecewise analysis method for delayed systems has been employed in
[19,20]. Furthermore, we could use the delay-partitioning approach to further reduce conservatism of the system analysis.
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Before giving the main result, we will firstly introduce the following definition and lemmas, which will help us in deriving
the main results.

Definition 1 [21]. For a given function V : C’,J:O([—‘CM, 0], R") x S, its infinitesimal operator L is defined as
.1
L(Vn(t)) = AILIQ % EV e +A)ne) = V()]

Lemma 1 [22]. For any vectors x,y € R", and positive definite matrix Q € R™", the following inequality holds:
2"y <x'Qx+y'Q 7y

Lemma 2 [23]. 5,5, and Q are matrices with appropriate dimensions, t(t) is a function of t and t; < t(t) < T,, then
(T(t) = T1)E1 + (T2 — T())Ea] + Q< 0

if and only if the following two inequalities hold

(T2 —T1)E1 +Q <0
(T2—71)32+Q<0

3. Main results

In this section, we will invest the estimation problem for the GRNs (8). A sufficient condition is established, such
that the estimation error system to be globally asymptotically stable. Then, according to the analysis results, the
schemes to design the estimator gain matrix Ky; and Ky; are derived in terms of the solution to certain matrix
inequalities.

Theorem 1. The system (8) is asymptotically stable for given scalars 0 < T < T(t) < Ty, 0 < 0 < 0(t) < OM, T1, 01, k, and the
estimator gain matrix Ky; and K,; in (8) if there exist positive definite matrices Qq; > 0,R;; > 0,Q4; > 0,R;; >0
(l S §)7Qi > O,R,‘ > 07Qi > O,Ri > O(I =2,3,... ,6)7/\,‘ = diag(li1,2i2, ey ),in) >0 (l = 12) and M,‘,Nl‘,Thgi, ‘7,‘, W,‘, C,‘,Pi,M,',
N;, T;,Si, Vi, W;, G;, F; € R®, such that the following LMIs hold:

(O * * * * * *
0y [O%8 * * * * *
(029 O3, D33 * * * *
D(l,s) = | Day (] 0 0 Dy * * x | <0, (,s=1,2,3,4) 9)
0 @52(5) 0 0 D55 * *
0 0 D3 (1) 0 0 g *
L 0 0 0 (I)74 (S) 0 0 (D77 i
where
[TTyy + Ty + T, * * *
B — Iy, M + Ty + T, * *
ne 0 0 T3 + Dy + T, *
L T14 0 0 Iy + Ty + r;
Dy =[Ilr1n 0 Iz o], P = diﬂg{*ZAh*Z/\z}
[ D3qq 0 0 0 7
0o o 0] 0
Dy = OB . @i =[Ar Ona Ay 0o

0 0 D333 0
L 0 0 (D343 (D344_
®33 = diag{—Qs,—Qs, —Qs5,—Qs, —Rs, —Rs, —R5, —Rs, —Qs, —Qg, —Qs, —Qg, —Rs, —Rs, —Rs, —R¢ }
V1oNT [ /31oNT VooMT VooMT
()= |V 00| 0u@2)= |V 20 0a@)= |V 2 | @@= |V 2
\/511Si _V()“Ti \/51151' \/511Ti
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-\/520W-T- -\/520W-T- -\/520‘77-
Ds5(1) = S ®Ds(2) = T ®s(3) = T Dsy(4) =
2= e | 295 e | T | a2
[ /31oNT V31oNT VooM!
Dg3(1) = "’;} c1>63(2>—{ 0 T} c1>63(3>—{ 1 ;} %(4)-{
_\/(3115,~ V(SHT;' V(sllsi
B T B T B T
)= [V @) = [V @)= | VOV anaa) =
L VOZIF,' ] L \/()21Gi ] _\/()211:,‘ ]

VonT]

W
Nl
\/_(st,T}

VoVT ]
[ VoG |

By = diag{st, *Qe}fbss = dl‘ag{*Ra *Re},(bss = diag{—Qs,—Q¢}, @77 = diag{—Rs, —Rs}

00 O(()R]iD,‘ 0 (170(0)1_{1,‘D,‘ 0 0
00 0 0 0 0 00 0 0
00 0 0 0 0 00 0 0
My — L —
“loo o0 o0 0 0 ““loo o0 o0
00 0 0 0 0 00 0 0
00 0 0 0 0 00 0 0

Iy, = diag{Y1,-Q>,0,-Q3,0,-Qu}, Ty, = diag{Ys,—R;,0,—R3,0, —R4}
33 = diag{Y1,-Q;,0,-Q3,0,-Q4}, Iy = diag{Y2,—Rz,0,—R3,0, R4}

N
Y1 = —QuAi — Al Qii — QKM — M'KT.QT + Q2 + Q3 + Qa + ZTCUQU
pa

N
Y, = —R],'C,' — CITRH — R“Kzl'N — NTK;RH + Rz + R} + R4 + Zﬂin]j
=1

N
Yy = —QuAi — AlQ]; — QuKuM — M'KT,QT + Qo + Qs + Qs + >_m3Qy;
j=1

N
Yy = —RyiCi — G Ry — RyiKoiN — N'KLR], + Ry + Rs + Ry + >Ry

=

[ BWIQy 0 0 0 0 O { BWIQ; 0 0 0
Iy = TA , Iy = T
|(1-pe)W/Q;; 0 0 0 0 O (1-B)W'Q; 0 0 0
—+/Bo010Qs5(A; + K1;M) 0
Hm:'o 0 kA 0 O 0] — 7\/ﬁ0511Q5(14i+1(1iM) 0
0 0 0 0 kA, O] —/ (1= By)010Q5(A; + KyiM) 0
— /(T = Bo)o11Qs(Ai + KiiM) 0
—\/Og020Rs(Ci+Kx3N) 0 0 0 0 0
O —V0o01Rs(Ci+KxN) 0 0 0 0 0
27 /(1= 0tg)020Rs(Ci+KxN) 0 0 0 0 0
| /(1 0)31Rs(Ci +KxN) 0 0 0 0 0
[0 0 ogd0RsD; O 0 0
o |00 Vood21RsD;i 0 0 0
#7100 0 0 /(1—00)d0RsD; 0
0 0 0 0 /(1—00)5RsD; O
[ —\/Pod10QsAi 0 00O0O —/%9020R5C;
By — ~/Bed11QsAi 0 0 0 0 O By — — 00031 RsC;
—/(A=Pp)d10QsA 0 0 0 0 0} —+/(1 = 09)020R5C;
|-/ =B)011QsA; 0 0 0 0 O —/(1 = 00)021R6Ci
[0 0 /adxRsD; 0 0 0
o |00 Va9021RsD; 0 0 0
710 0 0 0 /(T—)60RsD; O
0 0 0 0 /(T—00)onRsD; O

0

o © © o

00
00

o ©O O o
o © O o
o © O o

o O ©O O
o © © O
o O O O

0 ooR;D; O (170{0)R1,’D,' 0

o O O O O

o © O o

o O © O

o ©O © o
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V/Bod10Qs Wi 0 v Bo610Qs Wi 0
o |VEmw oL mew o
0 V(1 = Bo)610Qs Wi | 0 V(1= B)d10QsW;
0 V(1 = By)511QsWi 0 V(1 = By)onQsW

Li=[0 My —M;+N; -N;+T; -T;+5 -§]

i = [0 Vj _Vj + W,' —W,‘ + Ci —C,‘ + F,‘ —F,‘}

i=[0 M; -M;+N; -Ni+T; -Ti+S -=Si]

= [0 Vi -Vi+W; -W;+G -G +F; —F,‘]

01 ="TM — Tm, 010 = T1 — Tm, 011 = Tm — 11,02 = OM — O, 020 = 01 — O, 021 = Oy — O71.
Proof. Choose the following Lyapunov function for system (7):

V(t) = Vi(t) + Va(t) + Vs(t)

where

Vi (6) =m" (£)Qu (r(t))m(t) + p"()Ry (r(£))P(£) + m' (£)Q: (r(£))m(t) + p ()R (r(t))p(1)

(
vty = [ ms)Qmeds+ [ mQmsds+ [ ms)Qams)ds+ [ p(s)Rap(s)dS

t—Tm t-7q t—Ty t—om

+/t 1’)7(5)}_2313(5)ds+/r DT (s)R4p(s)ds + t mT(s)sz(s)ds+/[ m!(s)Q;m(s)ds

/ (5)Q4m(s) ds+/ pT(s)Rap(s ds+/ pY( R3p(sds+/ pT(s)R4p(s)ds
t‘EM

+
V3(t):/ m( v)Qsm dvds+/ /m v)Qsm(v dvds+/ p (v)Rsp(v)dvds

t—Tm (=

t-14 s
+ / / V)Rep(v)duds + / T (0)Qsth(v)dods + / " (0)Qgth(v)dods
t-oy Js t—-1q s t-ty Js

t—om t—0q t
+ / / BT (0)Rsp()dwds + / / b7 (v)Rsp(v)dwds
[ s t-oy Js

Taking the time derivative of V(t) along the trajectory of system (8), and taking expectation on it, we have
E{LV1(t)} = 2m" ()Qui[—(Ai + KuM)m(t) + foWig(p(t — 71(t))) + (1 — Bo)Wig(p(t — 02(t)))]

+ Znu (6)Qum(t) + 2p" (t)Rui[— (Ci + KaiN)P(t) + coDim(t — T1(t)) + (1 — oto)Dim(t — T(t))]
+ Z”up ORyD() +2m" (6)Qqi[—Aim(t) + BoWig(p(t — 01(t))) + (1 — Bo)Wig(p(t — 02(1)))]
+ Zn,, (6)Qym(t) + 2p" (ORu[~Cip(t) + coDim(t — T1(£)) + (1 — ot0)Dim(t — T2(t))]

Znup t)Ry;p(t)

E{LV,(t)} = m(t) [Qz + Qs+ Q4)m(t) + PT(t)[Ry + Rs + Ry p(t) — m' (t — 7o) Qom(t — Tr) — M (t — Tyy) Qan(t
) —m(t = 71)Qsim(t — T1) — ' (t — Gm)RaP(t — Gm) — P' (t — Ow)RaP(t — Gm) — P (t — G1)Rsp(t

— Ty

— 1) +m'(0)[Qy + Q3 + QuJm(t) +p' (t)[Ry + Rs + Ralp(t) — m" (t — Tw)Qam(t — Try) — M (t
—11)Qsm(t — T1) — m'(t — Ty)Qam(t — Tm) — p'(t — Om)Rop(t — Gm) — P (t — 61)Rsp(t — 07)
—p'(t — om)Rap(t — om)

(11)

(12)
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E{LV3(t)} = m"(t)[610Qs + 811Qs]m(t) + P"(t) [020Rs + d21Rs]P(t) + M (£)[010Qs + J11 Qg (t)

BT (6)[620Rs + SRl (t) — / i (5)Qs i(s)ds — /

-7 —m

t—Tm t—0m B

i (5)Qsri(s)ds — / B7(9)Rsp(s)ds

—01

_ / h p'(s)Rsp(s)ds — / - m’ (s)Qsm(s)ds — / o ' (s)Qer(s)ds — / o P (s)Rsp(s)ds

—an t-7q t—Ty t—0q

[ rsRapds (13)

Jt—ay

Notice that

E{£[m"()Qm(t)] } = o[—(Ai + KuM)m(t) + Wig(p(t — a1(1)))]" Q[—(A; + KuM)m(t) + Wig(p(t — a1(1))] + (1
— $)©1Q0, (14)

E{L[p"(ORD(1)]} = oo[~(Ci + KaiN)P(£) + Dym(t — 1 (6))] RI=(C; + KaN)P(t) + Dim(t — T1(£))] + (1 — %) O;RO;  (15)

E{£[m"(t)Qm(t)] } = Bo[~Aim(t) + Wig(p(t — a1 ()))] Q[-Am(t) + Wig(p(t — a+(t)))] + (1
— Bo)[=AM(t) + Wig(p(t — 62())]" Q[-Aim(t) + Wig(p(t — 02(t)))] (16)

E{L[p"(ORP(1)] } = oto[~Cip(t) + Dim(t — T4 (1)) R-Cip(t) + Dim(t — 71(£))] + (1
— 00)[~Cip(t) + Dym(t — 5 (t))]"R[=Cip(t) + Dim(t — T(t))] (17)
where Q = 510(_25 + 5]1Q6,R = 620R5 + 621R6, Q = 010Q5 + 911Q6,R = 920Rs5 + 021Rs, 0 = —(Ai + K],'M)ﬁl(t) + W,g(p(t — O'z(t))),

@2 = —(C,‘ + Kz,‘N)ﬁ(t) + Dim(t — 'Cz(t)).
Then, by employing free weight matrix method [24,25], we have

2ET(OM; | At = T) — Mt —T1 () — /ttm m(s)ds} —0 (18)
— _ =19 (f) .
28 (N, [m(t ~n() - me-m) - [ m(s)ds} - (19)
2E T, {m(t T -t - () - /U m(s)ds} 0 (20)
_ t=15(t) |
28 (1)5, {r’n(t —15(8)) — (- T) — /ti m(s)ds] —0 21)
20V o(e o) ~ple—on0) - [ b(s)ds} -0 22)
o -1 (0)
285(00W |ple — o1(0) ~ple— o)~ [ j)ds] 0 23)
285(0)Ga [p(€ — 1) — Pit ~ 3(0)) - /:Ub(sms] -0 24
_ t—0y(t) |
284 (0)F, [ﬁ - 0a(0) - pie— o)~ [ pisyis| ~0 (25)
26T (OM; {m (E = Tw) — M(t — T1(£)) - /ttm m(s)ds} ~0 (26)
=1y (t
28T (ON; [m (=1 (6) = m(t — 1) _/7 )m(s)ds} -0 27)
28 (0T {m(t — ) = m(t—Ta(t)) — /ft([> m(s)ds} —0 (28)
t=T5(t)
280 (8)S, {m(t —15(t)) — m(t — T) /f m(s)ds] ~0 (29)
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250V, {p(t ~om-pt-o0)- [ p(s)ds} -0 (30)
t=o1(t)

265(0Wi[p(e - 01(6) ~p(e— o)~ [ | =0 31)

24016, {p(t ~o)-pit-out)- [ p(s)ds] -0 32)
t-02(t)

2E4(0F,ple ~ 0a(0) - p(t ~ o)~ [ pisids] = 33)

=[p'(t) p'(t—0m) Plt—01(D) P'(t—01) P(t—0a(t) p'(t—om)]
On the other hand, by sector condition (3), it follows that

~2g" (p(t - () Aig(p(t — 0i(t))) + 2kg' (p(t — ai(6)) Aip(t — ai(t)) > O (34)

where A; = diag(/i1, Ziz, - -, 2in) > 0
From (11)-(34) and by Lemma 1, we can easily obtain that

cI)11

Hevo) - (0 [ )+ ELL IR Q] } + E(L [ (ORBO]} + ELL [ (01Qm(0)] )

(DZI 22

+E{L[PTORP()]} + (1 (t) = Tn)E (OMiQ5 "M & (t) + (T1 — T (1)) E] (HNiQ5 N & (t)

+(Ta(t) = T)E(OTiQq T{ &i(6) + (Tm — a(£))€ ( )SiQs'Si & (t) + (01(t) — Tm) G (E)ViR5 V& (£)

+ (01 = ()G (OWRSWIE (6) + (02(t) — 61)&()GiRs G & (8) + (0w — 02(£)) & (O)FiRg ' F &2(t)

+(T1(t) = Tw)E (OMIQ5 M & (£) + (T1 = Ta(6)) & (ONiQ5 NI & (£) + (T2(t) — 1) (OTiQs ' T &1 (1)

+ (Tn — T2(0)E(6)SiQg ST E1 (8) + (01(t) — am)ER(O)ViRS VI Ey () + (01 — 01 () EN (O)WiRs ' W] &,(t)
+(02(t) = 1) (GR'Gl &(1) + (0w — G2 (£) G (OFR ' F{ & (t) (35)

where ('(6) = [£[(t) &) &' (p(t—01(0) & (Pt oa(t)]-
Subsequently, by Lemma 2 and the well-known Schur complement, from (9), we can conclude that

E{LV(t)} <0 (36)
Then, by Lyapunov stability theory, the system (8) is globally asymptotic stable.

Remark 3. As mentioned in the Introduction section, GRNs have received a great deal of attention, and many results on
the topic have been available. However, the methods cannot be applied to state estimation problem with randomly occur-
ring probability distribution of the time delays. Instead of only one variable, there are two variables in the GRNs (8), which
increase the difficulty and take us great effort. After some rigorous and complex deducing process, the criteria are
obtained which are used to guaranteed the dynamics of the estimation error system (8) globally asymptotic stable in
the mean square.

Based on Theorem 1, we are now in a position to design the state estimator for the complex networks (1). The following
Theorem 2 gives the explicit expression of the estimator gain matrix Ky; and Ky; (i € S).

Theorem 2. For given scalars 0 < Tm < T(t) < Ty, 0 < 0 < 0(t) < OM, T1,01,k, &(i=1,2,3,4), the augmented system (8)
is exponentially stable, if  there exist  positive definite matrices Qi >0,R;; >0,Q4; >0,R;; >0
(ies),Q;>0,R>0,Q;>0,R >0(i=2,3,...,6),A; = diag (41, Ziz, .- -, 4m) >0 (i=1,2) and M; N;,T;,S;, Vi, W;, G, F;, M;,
N;, T;,S;, Vi, W;, G, F; € R®*1 satisfying the following LMIs hold:



where
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(O * * * * * *
(?21 ?22 % * * * *
_ D @3, D33 * * * *
Ols)=|0uy() O 0 Oy o+ x| <0, (Is=1,2,3,4)
0 @52(5) 0 0 (1)55 * *
0 0 (I)Gg(l) 0 O @65 *
0 0 0 Du(s) O 0 @ |
[TIiy + Ty + T * * *
Bo — 115, 1=[22 + rzi + l_"; * *
ne 0 0 55 +1"n+1"¥1- *
L I14 0 0 Mgy + Ty + rg,
KOS 0 0 0
- 0 @3 ®p3 O = 1
O3 = , D3 = A105,4A50;5,
31 0 0 B 0 32 1025442024
L O 0 D343 D3uy
®33 = diag{=, 5, —Qs, —Qs,—Q5,—Qs, —Rs, —Rs, —Rs, —Rs}

1 = diag{—2¢,Qu; + &2Qs, —2£,Q1i + £3Qs, —261Qui + &3Q5, —26,Q1i + £3Q6}
2 = diag{—283R1,- + 8§R5, —284R],' + SiRg, —283R11 + &%Rs, —284R11‘ + 8%R6}
11 = diag{Y;,-Q2,0,-Q3,0,-Q4}, 15, = diag{Y>,—R,0,—R3,0, —R4}

[1]

[1]

=

- _ _ _ _ _ N _
Y1 =-QuAi—AQii— YuM - M'Y{, + Q2 + Qs + Qa + Y _1;Qy

2487

(37)

=1

A _ B B B _ N B
Y, = —R”C,- — C,TR“ — YN — NTY; + Ry +R3 +Ry + ZTCUR]]'
=1

[ —/Bo610Q1iAi — \/Bod10Y1iM 0 0O
Bsyy = —\//30511?1:‘141' -/ Pod11YiiM 0 0O
(1= Bo)010QuiAi — /(1 = Bp)o1eYuM 0 0 O
|~/ (T = Bo)d11QuiAi — /(T = Bo)d11YuM) 0 0 0
[ —\/0g820R1iCi — V0lod20Y2iN 0 00O
By — —V0g021R1iCi — Vo821 YaiN 0 0O
—\/(1 — 0lp)d20R1iCi — \/(1 —0lp)dnY2iN 0 0 O
/A= 5)0nRiC — /(T = 00)0YaN 0 0 0
0 0 ogoRiuD; O 0 0
b |00 VEGRD 0 0 o| -
#7100 0 0 /(1—co)d0RuD;i O
00 0 0 A= o0)onRuD; 0

and the other symbols are defined in Theorem 1. Moreover, if (37) is
mined by Ky; = Q5 Y1, Koi = Ry} Yai.

o O o o
o © O O

o O O o
o O O Oo

V/Bo010Q1iW;

. V/Boo11Q1iW;
0 VA = Bo)é10QuiWi

0 V(= Bo)d11Q1iW;

true, the desired state estimator gain in (8) can be deter-

- © O

Proof. Combining (9) and (35) and applying Schur complement, we can obtain

[ ¥y, * * * * * *
@y Oy, * * * * *
Y3, D3, Yy * * * *
P(l,s) = Dy (1) 0 0 Dyy * * *
0 Ds;(s) 0 0 D55 x *
0 0 D3 (1) 0 0 g =
. 0 0 0 Du(s) 0 0 @]

<0, (Ls=1,2,3,4) (38)
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_Qn +1;1,-+1;¥i * * *
S 15, Qo + Ty + T3, * *
0 0 s + Ty + T, *
| Iy 0 0 Igs + I + l";-
(P31, 0 0 0
¥, = 0 Wi c?323 0 7
0 0 @333 O
L O 0 D343 Diy
Y33 = diag{E1, 52, -Qs,—Qs, —Qs, —Qs, —Rs, —Rs, —Rs, —Rg}

1 = diag{-0Q1:Q5'Q1;, —01:Q5'Q1i;, —Q1:Q5'Q1i, —Q1iQ5 ' Qui}
Ep = diag{—RuiR5"Ryi, —RyiRg' Ry, —R1iR5'Ryi, —RuiRg ' Ryi}
Q1 = diag{Qy1,-Q2,0,-Q3,0,-Q4},Q = diag{Qy;,—R»,0,—R3,0, —R4}

I [

N
Qv = —Quidi —AiTQli - QuiKuiM — MTKLQ]:‘ +Q2+Q3+Qa+ Zﬂ?ijQU
j=1

N
Qyy = —RyiCi — CTRy; — RyiKoiN — N'K3,Ryi + Ry + R3 + Ry + Zﬂ?inu

30

j=1
—/Bo010QuiAi — \/Bo610Q1iK1iM 000O0O
N7 —v/Bod11QuiAi — /Bod11Q1iK 1M 0 0O0O0OTD O
311 = _ _
(1 - ﬂo)(SlOQliAi - (1 - [30)510Q1i1<1,‘M 00 0 OO
(1= Bo)onQuAi — /(1 = Bp)6n QKM 0 0 0 0 0
—4/ OCQ(SZ()R]iCi — v OC0(320Y2,‘N 00 0 OO
‘P _ —V OCoﬁle]jCj — v/ 060(321 Yz,‘N 00 O0O0UD O
27 (T = 00)020R1iCi — /(T — 00)o20Y2N 0 0 0 0 0
L~V (1 — O(())(Sz]R]iCi — 4/ (] — 0(0)52] YN 00 00O
and the other symbols are defined in Theorem 2.
Due to
2
1.9 _
1.8 _
1.7 _
1.6 _

[

é 15 .
1.4 _
1.3 _
1.2 _
1.1 —

1
0 5 10 15 20 25
Time (s)

Fig. 1. The probabilities of switching between modes.
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Fig. 2. State trajectory m(t) in (4).
(R—e¢'PR'R—-¢7'P) > 0,
we can have
—PR7'P < —2¢P + &°R

Su_bstituti_ng —01:Q5"Q1i, —Q1iQ45 "' Qui, —RuRs 'Ry; and —Ry;Rg'Ry; with —2&,Q4; + €3Qs, —28,Q4; + €3Qs, —2¢3Ry; + €2Rs and
—2¢&4Ry; + €2Rs into (38), respectively, we obtain

i ‘P” * * * * * *
0y Dy * * * * *
Y3 {029 D33 * * * *
Pls)= |04 O 0 Oy o+ x x| <0, (I5=1,2,3,4) (39)
0 @52(5) 0 0 (O * *
0 0 D3 (1) 0 0 @ =
L 0 0 0 (I)74(S) 0 0 (D77_
0.7
0.6 i
0.5 i
0.4 i
3
2 03 1
3
<
0.2 i
0.1 i
0
-0.1 ‘ ‘ ‘ :
0 5 10 15 20 25 30
Time (s)

Fig. 3. State trajectory p(t) in (4).
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Fig. 4. State estimator m(t) in (6).

Denoting Y;; = Q1;K1i, Yai = RyiKo;, then Eq. (37) can be obtained. Furthermore, the explicit expression of the desired state

estimator gain matrix is Ky; = Q7' Y1, Ko = Ry} Yai.

4. Simulation examples

In this section, we present an example to illustrate the effectiveness of the state estimator for the Markovian jumping
genetic networks with time-varying delays.
Consider the following uncertain Markovian genetic regulatory networks (8) with two modes [17]:

10 1 -2 20 10
A = W = = N D = N
! [o 1]’ ! [0.8 o}’ G [o 2} ! {0 1}

30 -1 0 2 0 -1 0
Az:{o 3]’ Wz:[l 2]’ Cl:[o 2]" Dl:{o 1]

M=[-1 2], N=[-1 1]

In this example, the regulation function is taken as g(x) = 1% one can get k = 0.65. The time-varying delays are assumed to
be 7,=02 1y =3.85251 =05 0;=03,0,,=0.1,04 =0.5. The transmission probability is assumed to be
-3 3
n-[ 73]
Set otp = 0.2, = 0.7,e; = 1;e, = 1. Then, combine (37) and Ky; = Q7;'Y1:, Ko = R;}'Y;, the desired estimator parameters
can be designed as

1.2468} - [1.1427} B {—1.1452} - [—1.0148}
13479 2" 7 (17902 " T [ 11136 ] "2 | 1.2103

Choose the initial conditions m(0) = m(0) = 0'2 , p(0) =p(0) = [8; , the probabilities of switching between modes

Ki = [ (40)

can be seen from Figs. 1. The state trajectory m(t) and p(t) are shown in Figs. 2 and 3, respectively. The State estimator
m(t) and p(t) are shown in Figs. 4 and 5, respectively. The output errors z,(t) and Z,(t) are shown in Figs. 6 and 7, respec-
tively. From Figs. 6 and 7, we can see the designed state estimator performs well.

0.7
0.6}
0.5
0.4
0.3H

Amplitude

0.2+
0.1
otk

_01 n n n n n
0 5 10 15 20 25 30
Time (s)

Fig. 5. State estimator p(t) in (6).



J. Liu et al./ Commun Nonlinear Sci Numer Simulat 19 (2014) 2479-2492 2491

0.4 . . . . .

0.2+ ]
0
-0.2 1

-04 ]

Amplitude

-0.8 B

-1.2} 1

-14 . . . .
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Time (s)

Fig. 6. Estimation error trajectory z(t).

Amplitude

5 10 15 20 25 30
Time (s)

Fig. 7. Estimation error trajectory Z,(t).

5. Conclusion

In this paper, we have studied the state estimation problem of a Markovian jumping genetic networks with time-varying
delays. By using the free-weighting matrix method and the LMI techniques, stability conditions have been developed in
terms of LMIs which guarantee the estimation error dynamics to be asymptotically stable. Then,the explicit expression of
the desired estimate gains are shown. Finally, a numerical example is given to demonstrate the effectiveness of the proposed
designed method.
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