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Abstract

This paper studies the problem of event-triggered state estimation for complex network systems with
quantization. The event-triggered communication scheme and quantization are employed to reduce the
burden of network transmission. By utilizing Lyapunov stability theory and linear matrix inequality
techniques, sufficient conditions are established which can ensure the augmented estimation error system to
be asymptotically stable. Furthermore, the explicit expressions of the desired state estimators are derived in
terms of linear matrix inequalities. Finally, an example is provided to illustrate the usefulness of the
proposed method.
& 2016 The Franklin Institute. Published by Elsevier Ltd. All rights reserved.
1. Introduction

Complex networks have gained a lot of attention in various fields of science and humanity
worldwide, such as gas transportation network, the Internet, our country highway network, etc. With
the rapid development of modern science and technology, people have found that in the real world,
although network nodes have different meanings in different situations, the complex network
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structure constrains the network dynamical behaviors. Thus the complex network theory is
introduced to describe the common features among different kinds of network nodes. In recent
years, scholars have paid great attention to complex network systems and they have gained many
research results, including network control, reliability analysis and state estimation, and so on [1–3].
With the rapid expansion of network information, it needs a high data traffic rates on the

network. However, network bandwidth and network resource are limited [4–6]. Effective
methods should be adopted to overcome this problem. Luckily, different methods have been
proposed on how to make full use of network bandwidth and how to reduce the network load
effectively. Generally speaking, the existing methods can be classified into time-triggered
mechanism and event-triggered mechanism [7–10]. Time triggered scheme (periodic sampling
method) is easier to accept from the aspect of system analysis; but in terms of network resource
utilization, time triggered scheme sometimes cannot show its advantage. Especially, when the
state is close to equilibrium, there is little new information. If we still use the time triggered
scheme, the computing resources will be wasted and the cost of computing will be increased.
Fortunately, event-triggered mechanism has been proposed to overcome this problem, for it can
greatly improve utilization of network resource. The key idea of event-triggered mechanism is
that only the current sampled data satisfies a predesigned condition, can it be transmitted. The
event-triggered scheme can save network bandwidth to some extent.
So far, we have acquired a lot of research results based on event-triggered mechanism [7–12].

The authors in [7] propose a novel event-triggering scheme and address event-triggered H1
control for networked systems. Based on the work of [7], the authors in [8] investigate the
reliable control design for networked control system under event-triggered scheme by taking
probabilistic sensor and actuator fault into consideration. The event-based fault detection
problem is studied in [9] for networked systems with communication delay, unknown input and
nonlinear perturbation. The problem of event-triggered output-feedback H1 control for
networked control systems with non-uniform sampling is addressed in [10]. In [11], the design
problems of the observer-based event-driven controllers are investigated for the state-dependent
nonlinear systems. The authors in [12] address an event-driven observer-based fault-tolerant
controller design for a state-dependent system with external disturbance and fault.
In the actual networked control system, due to the limited communication capacity,

measurement output should be quantified before transmission. An important aspect is that
utilizing quantization schemes can not only have sufficient precision, but also require low
communication rate. Quantization can be considered to a coding process by using quantizer. So
far, there have been a lot of relevant research results [13–16]. For example, the authors in [13]
address the observer-based output feedback control for networked control systems with two
quantizers. In [14], the authors are concerned with the control design problem of event-triggered
networked systems with both state and control input quantizations. The networked H1
stabilization of linear time-invariant systems under quantized state feedback control has been
investigated in [15]. The authors in [16] are concerned with the variance-constrained state
estimation problem for a class of networked multi-rate systems with network-induced proba-
bilistic sensor failures and measurement quantization. To the best of the authors knowledge, the
state estimation problem for complex network systems with event-triggered mechanism and
quantization has not been investigated yet, which is a starting point of this article.
Inspired by the above observations, this paper studies the state estimation problem for

complex network systems with event-triggered communication scheme and quantization. Firstly,
taking into consideration of event-triggered scheme and quantization, we construct a state error
system model for complex network systems. Based on this constructed model, by using
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Lyapunov stability theory and linear matrix inequality techniques, a sufficient condition for the
asymptotically stability of complex network systems is obtained. Furthermore, the relevant
parameters of the state estimator are derived in terms of linear matrix inequalities. Finally,
numerical simulation verifies the usefulness of the proposed method. The main contributions of
this paper lie in the following aspects: (1) The event-triggered communication mechanism is
introduced to reduce the pressure of data transmission. (2) Quantization is employed to reduce
network load and save network bandwidth. (3) Suitable state estimators are designed for complex
network systems with quantization and event-triggered communication scheme.

The rest of this paper is organized as follows. In Section 2, problem formulation and
preliminaries are briefly outlined. In Section 3, a flexible approach to the desired state estimator
design is established. In Section 4, a numerical example is given to demonstrate the usefulness of
the designed state estimators. Finally, conclusion is given in Section 5.

Notation: Rn and Rn�m denote the n-dimensional Euclidean space and the set of n�m real
matrices, respectively. J � J stands for the Euclidean vector norm or the induced matrix 2-norm
as appropriate. The superscript T stands for matrix transposition. I is the identity matrix of
appropriate dimensions. The notation X40 (respectively, XZ0), for XARn�n means that the
matrix X is a real symmetric positive definite (respectively, positive semi-definite). For a matrix B
and two symmetric matrices A and C, A

B
n

C

� �
denotes a symmetric matrix, where n denotes the

entries implied by symmetry.

2. Model and preliminaries

Consider the following stochastic complex network systems consisting of N coupled nodes
with time-varying delay, and every node is a n-dimensional dynamical subsystem. The complex
network systems can be described as [17]:

xi
� ðtÞ ¼ δðtÞAf 1ðxiðtÞÞ þ ð1�δðtÞÞBf 2ðxiðtÞÞ þ

XN
j ¼ 1

gijΓ1xjðtÞ þ
XN
j ¼ 1

gijΓ2xjðt�τðtÞÞ; ð1Þ

where the state vector of the ith node is xiðtÞ ¼ ðxi1ðtÞ; xi2ðtÞ;…; xinðtÞÞTARn, f 1ðxiðtÞÞ and
f 2ðxiðtÞÞ are nonlinear vector functions, Γ1 and Γ2 are the inner coupling matrices of the network,
A and B are constant matrix with appropriate dimensions. G¼ ðgijÞARN�N is the outer-coupling
matrix of the networks representing the coupling strength and topological structure of complex
networks. gij can be defined as: if the ith node has connection with the jth, (ia j), then gij ¼ gji; if
there is no connection between the ith node and the jth node, then gijagji. τðtÞ is the time-
varying delay in the network system, satisfying that: τmrτðtÞrτM , 0rτmrτM . δðtÞ is subject
to Bernoulli distribution, defined as

δðtÞ ¼
1; f 1ð:Þ happens;
0; f 2ð:Þ happens;

(
ð2Þ

Suppose δðtÞ satisfies that:
Probability fδðtÞ ¼ 1g ¼ δ0; Probability fδðtÞ ¼ 0g ¼ 1�δ0; ð3Þ

where δ0 is a known constant.

Remark 1. In the model (1), we use δðtÞ to stand for the random switching between f 1ðxiðtÞÞ and
f 2ðxiðtÞÞ. When δðtÞ ¼ 1, it means that nonlinear vector function f 1ðxiðtÞÞ occurs. When δðtÞ ¼ 0, it
means that nonlinear character is described as f 2ðxiðtÞÞ.



Fig. 1. The structure of an event-triggered complex network systems.
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Assumption 1 ([17]). For any u; vARn, nonlinear vector functions f 1ð�Þ and f 2ð�Þ satisfy the
following sector-bounded conditions:

½f 1ðuÞ� f 1ðvÞ�Ξ1ðu�vÞ�T ½f 1ðuÞ� f 1ðvÞ�Ξ2ðu�vÞ�r0;

½f 2ðuÞ� f 2ðvÞ�Ξ3ðu�vÞ�T ½f 2ðuÞ� f 2ðvÞ�Ξ4ðu�vÞ�r0: ð4Þ

Remark 2. From Assumption 1, we can easily get that:

xiðtÞ
f 1ðxiðtÞÞ

" #T
Ω11 Ω12

Ω21 In

" #
xiðtÞ

f 1ðxiðtÞÞ

" #
Z0;

xiðtÞ
f 2ðxiðtÞÞ

" #T
Ω11 Ω12

Ω21 In

" #
xiðtÞ

f 2ðxiðtÞÞ

" #
Z0;

ð5Þ
where

Ω11 ¼
ΞT
1Ξ2 þ ΞT

2Ξ1

2
; ΩT

21 ¼Ω12 ¼ � ΞT
1 þ ΞT

2

2
;

Ω11 ¼
ΞT
3Ξ4 þ ΞT

4Ξ3

2
; Ω

T
21 ¼Ω12 ¼ � ΞT

3 þ ΞT
4

2
:

The system structure is shown in Fig. 1. The main purpose of this paper is to design a suitable
state estimator for complex network systems with quantization and event-triggered scheme.
With the matrix Kronecker product, the system (1) can be rewritten in the following compact

form:

x
� ðtÞ ¼ δðtÞIAF1ðxðtÞÞ þ ð1�δðtÞÞIBF2ðxðtÞÞ þ ðG � Γ1ÞxðtÞ þ ðG � Γ2Þxðt�τðtÞÞ ð6Þ

where IA ¼ IN � A, IB ¼ IN � B, xT ðtÞ ¼ ½xT1 ðtÞ; xT2 ðtÞ;…; xTNðtÞ�, G1 ¼G � Γ1, G2 ¼G � Γ2,

FT
1 ðxðtÞÞ ¼ ½f T1 ðx1ðtÞÞ; f T1 ðx2ðtÞÞ;…; f T1 ðxNðtÞÞ�; FT

2 ðxðtÞÞ ¼ ½f T2 ðx1ðtÞÞ; f T2 ðx2ðtÞÞ;…; f T2 ðxNðtÞÞ�:

In this article, the measurement output y(t) in Eq. (6) is:

yðtÞ ¼ CxðtÞ: ð7Þ
The event generator and quantizer are constructed between sensors and state estimators, and

we suppose sensors and samplers are time-triggered, the sampling period is h, the sampling time
is kh ðk¼ 0; 1; 2;…Þ. Also, at the time kh, the current measurement output is y(kh), however,
whether the newly measurement output yððk þ jÞhÞ will be sent out or not is determined by the
following judgement algorithm [7]:

½yððk þ jÞhÞ�yðkhÞ�TΩ½yððk þ jÞhÞ�yðkhÞ�rsyT ððk þ jÞhÞΩyððk þ jÞhÞ; ð8Þ
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where Ω is a symmetric positive definite matrix with appropriate dimension, sA ½0; 1Þ, the newly
measurement output yððk þ jÞhÞ satisfying the above inequality (8) will not be transmitted.

Based on the above analysis, the real measurement outputs will be:

~yðtÞ ¼ yðtkhÞ ¼ CxðtkhÞ; tA ½tkhþ dk; tkþ1hþ dkþ1Þ: ð9Þ
By the quantizer, the measurement outputs signal yðtkhÞ can be described as yðtkhÞ, that is:

yðtkhÞ ¼ gð~yðtÞÞ ¼ gðyðtkhÞÞ ¼ gðCxðtkhÞÞ; tA ½tkhþ dk; tkþ1hþ dkþ1Þ; ð10Þ
where gðyÞ ¼ diagfg1ðy1Þ; g2ðy2Þ;…; gnðynÞg, gjð�Þ; ðj¼ 1; 2;…; nÞ is symmetric, that is:
gjð�yjÞ ¼ �gjðyjÞ, the logarithmic quantizer gjð�Þ ðj¼ 1; 2;…; nÞ can be defined as:

gj yj
� �¼

uðjÞl ; if
1

1þ δgj
uðjÞl oyjr

1
1�δgj

uðjÞl ; yj40;

0; if yj ¼ 0;

�gjð�yjÞ; if yjo0;

8>>><
>>>:

ð11Þ

where δgj ¼
1�ρgj
1þρgj

0oρgjo1
� �

, ρgj is the quantitative density of gj, and it is a constant. For the

sake of simplicity, we assume δg ¼ δgj , where δg is a constant. By the above discussion, we can

get: ρgj ¼ ρg ¼ 1� δg
1þδg

. Furthermore, similar to the methods in references [18], we define

quantitative series set as:

Uj ¼ f7uðjÞl ; u
ðjÞ
l ¼ ρlgj � u

ðjÞ
0 ; l¼71;72;…g [ f7uðjÞ0 g [ f0g; uðjÞ0 40: ð12Þ

Define:

Δg ¼ diagfΔg1 ;Δg2 ;…;Δgng; where Δgj A ½�δgj ; δgj �; j¼ 1; 2;…; n; ð13Þ
the logarithmic quantizer gjð�Þ can be described by using the following sector bound approach:

gjðyjÞ ¼ ð1þ ΔgjðyjÞÞyj; ð14Þ
then gð�Þ can be represented as:

gðyÞ ¼ ðI þ ΔgÞy: ð15Þ
Combine (10) and (15), yðtÞ can be described as:

yðtÞ ¼ gðyðtkhÞÞ ¼ ðI þ ΔgÞyðtkhÞ; tA ½tkhþ dk ; tkþ1hþ dkþ1Þ: ð16Þ
In order to facilitate the theoretical development, we consider the following two cases, similar

to [7,19]:
Case 1: If tkhþ hþ dZ tkþ1hþ dkþ1, where d ¼maxfdkg, define d(t) as:

dðtÞ ¼ t� tkh; tA ½tkhþ dk; tkþ1hþ dkþ1Þ; ð17Þ
obviously,

dkrdðtÞr ðtkþ1� tkÞhþ dkþ1ohþ d : ð18Þ
Case 2: If tkhþ hþ dotkþ1hþ dkþ1, consider the following two intervals

½tkhþ dk; tkhþ hþ dÞ; ½tkhþ ihþ d ; tkhþ ihþ hþ dÞ; ð19Þ
since dkrd , it can be easily shown that there exists dM, such that tkhþ dMhþ dotkþ1hþ
dkþ1r tkhþ dMhþ hþ d .
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Let

I0 ¼ ½tkhþ dk; tkhþ hþ dÞ;
Ii ¼ ½tkhþ ihþ d ; tkhþ ihþ hþ dÞ; i¼ 1; 2;…; dM�1;

IdM ¼ ½tkhþ dMhþ d ; tkþ1hþ dkþ1Þ;

8><
>: ð20Þ

obviously, we can get

⋃
dM

i ¼ 0
Ii ¼ ½tkhþ dk ; tkþ1hþ dkþ1Þ: ð21Þ

Define a function

dðtÞ ¼
t� tkh; tA I0;

t� tkh� ih; tA Ii; i¼ 1; 2;…; dM�1;

t� tkh�dMh; tA IdM ;

8><
>: ð22Þ

then, we can conclude that:

dkrdðtÞrhþ d ; tA I0;

dkrdrdðtÞrhþ d ; tA Ii; i¼ 1; 2;…; dM�1;

dkrdrdðtÞrhþ d ; tA IdM ;

8><
>: ð23Þ

due to tkþ1hþ dkþ1r tkhþ ðdM þ 1Þhþ d , the third row in Eq. (23) holds. In Case 1, for
tA ½tkhþ dk ; tkþ1hþ dkþ1Þ, define ekðtÞ ¼ 0; In Case 2, define:

ekðtÞ ¼
0; tA I0;

yðtkhÞ�yðtkhþ ihÞ; tA Ii; i¼ 1; 2;…; dM�1;

yðtkhÞ�yðtkhþ dMhÞ; tA IdM ;

8><
>: ð24Þ

from the definition of ek(t) and the event-triggered communication scheme, Eq. (8) can be
rewritten as:

eTk ðtÞΩekðtÞrsxT ðt�dðtÞÞCTΩCxðt�dðtÞÞ; tA ½tkhþ dk; tkþ1hþ dkþ1Þ ð25Þ
Based on the real measurement output, the main purpose of this article is to construct the

following state estimation system:

_̂x ðtÞ ¼G1x̂ðtÞ þ G2x̂ðt�τðtÞÞ þ KðyðtÞ� ŷðtÞÞ;
ŷðtÞ ¼ Cx̂ðtÞ;

(
ð26Þ

where x̂ðtÞ is the estimator state vector, ŷðtÞ is estimator output, K is the feedback gain matrix,
which is also the state estimator we should design next.
Define eðtÞ ¼ xðtÞ� x̂ðtÞ, combining Eqs. (6), (16), (24) and (26), we can get:

_eðtÞ ¼ δðtÞ � ðIN � AÞF1ðxðtÞÞ þ ð1�δðtÞÞ � ðIN � BÞF2ðxðtÞÞ þ ðG � Γ1�KCÞeðtÞ
þðG � Γ2Þeðt�τðtÞÞ þ KCxðtÞ�KðI þ ΔgÞCxðt�dðtÞÞ�KðI þ ΔgÞekðtÞ: ð27Þ

Define xðtÞ ¼ ½xT ðtÞ; eT ðtÞ�T , combining Eqs. (6) and (27), we can get the following augmented
system:

_x ðtÞ ¼ δðtÞIA1F1ðHxðtÞÞ þ ð1�δðtÞÞIB1F2ðHxðtÞÞ þ A1xðtÞ
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þB1xðt�τðtÞÞ þ C1xðt�dðtÞÞ þ D1ekðtÞ; ð28Þ
where

A1 ¼
G � Γ1 0

KC G � Γ1�KC

" #
; B1 ¼

G � Γ2 0

0 G � Γ2

" #
; C1 ¼

0 0

�KðI þ ΔgÞC 0

" #
;

D1 ¼
0

�KðI þ ΔgÞ

" #
; IA1 ¼

IA
IA

" #
; IB1 ¼

IB
IB

" #
; HT ¼ I

0

� 	
:

Define a new vector:

ξT ðtÞ ¼ ½FT
1 ðHxðtÞÞ;FT

2 ðHxðtÞÞ; xT ðtÞ; xT ðt�τmÞ; xT ðt�τðtÞÞ;
xT ðt�τMÞ; xT ðt�dMÞ; xT ðt�dðtÞÞ; eTk ðtÞ�;

and define

φ1 ¼ ½IA1 ; 0;A1; 0;B1; 0; 0;C1;D1�; φ2 ¼ ½0; IB1 ;A1; 0;B1; 0; 0;C1;D1�;
the system (28) can be rewritten as follows:

_xðtÞ ¼ δðtÞφ1ξðtÞ þ ð1�δðtÞÞφ2ξðtÞ: ð29Þ

Before giving the main results, the following lemmas are introduced as follows:

Lemma 1 ([20]). For any vectors x, yARn and positive definite matrix QARn�n, the following
inequality holds:

2xTyrxTQxþ yTQ�1y: ð30Þ

Lemma 2 ([21]). If τ1rτðtÞ, xðtÞARn, for any positive definite matrix R, we have:

�τ1

Z t

t� τ1

_xT ðsÞR_xðsÞdsr
xðtÞ
xðt�τ1Þ

" #T

� �R

R

n

�R

	
�

xðtÞ
xðt�τ1Þ

" #
:

"
ð31Þ

Lemma 3 ([22]). For any positive definite matrix RARn�n, if 0oτ1rτðtÞrτ2 and vector
function _xðtÞ : ½�τ2; �τ1�-Rn, the following inequality holds:

� τ2�τ1ð Þ
Z t� τ1

t� τ2

_xT sð ÞR_x sð Þdsr
xðt�τ1Þ
xðt�τðtÞÞ
xðt�τ2Þ

2
64

3
75
T

�
�R

R

0

n

�2R

R

n

n

�R

3
75 �

xðt�τ1Þ
xðt�τðtÞÞ
xðt�τ2Þ

2
64

3
75:

2
64 ð32Þ

Lemma 4 ([23]). Ω1, Ω2 and Ω are matrices with appropriate dimensions, then for
τðtÞA τ1; τ2½ �,

ðτðtÞ�τ1ÞΩ1 þ ðτ2�τðtÞÞΩ2 þΩo0 ð33Þ
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holds, if and only if the following inequalities hold:

ðτ2�τ1ÞΩ1 þΩo0;

ðτ2�τ1ÞΩ2 þΩo0:

(
ð34Þ

Lemma 5 ([24]). A;D;E and F are matrices with appropriate dimensions, and satisfying
JF Jr1, then the following inequalities hold:
(a) For any variable ε40, we have:

DFE þ ETFTDTrε�1DDT þ εETE; ð35Þ

(b) For any positive definite matrix P40 and variable ε40 such that εI�EPET40, then we
have:

ðAþ DFEÞPðAþ DFEÞTrAPAT þ APET ðεI�EPET Þ�1EPAT þ εDDT : ð36Þ
3. Main results

In this section, to make the augmented estimation error system (29) be asymptotically stable,
sufficient conditions are proposed in Theorem 1 firstly. Then, based on the obtained conditions,
the designed method of the desired state estimator is given subsequently.

Theorem 1. For given scalars 0rτmrτM ; dM , event-triggered parameter s and the estimator
gain matrix K, complex network systems (29) is asymptotically stable, if there exist matrices
P40, Qi40 ði¼ 1; 2; 3Þ, Ri40 ði¼ 1; 2; 3Þ, and M;N; Z1;Z2 with appropriate dimensions, such
that the following matrix inequalities hold:

ΣðsÞ ¼
Φ11 þ Γ þ ΓT n n

Φ21 Φ22 n

Φ31ðsÞ 0 �R2

2
64

3
75o0; s¼ 1; 2; ð37Þ

where

Φ11 ¼

Z1 � In n n n n n n n n

0 Z2 � In n n n n n n n

Π31 Π32 Π33 n n n n n n

0 0 R1 �R1�Q1 n n n n n

0 0 BT
1P 0 0 n n n n

0 0 0 0 0 �Q2 n n n

0 0 0 0 0 0 �R3�Q3 n n

0 0 R3 þ CT
1P 0 0 0 R3 sW�2R3 n

0 0 DT
1P 0 0 0 0 0 �W1

2
66666666666666664

3
77777777777777775

;
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Φ21 ¼

θ1R1IA1 0 θ1R1A1 0 θ1R1B1 0 0 θ1R1C1 θ1R1D1

θ2R2IA1 0 θ2R2A1 0 θ2R2B1 0 0 θ2R2C1 θ2R2D1

θ3R3IA1 0 θ3R3A1 0 θ3R3B1 0 0 θ3R3C1 θ3R3D1

0 θ10R1IB1 θ10R1A1 0 θ10R1B1 0 0 θ10R1C1 θ10R1D1

0 θ20R2IB1 θ20R2A1 0 θ20R2B1 0 0 θ20R2C1 θ20R2D1

0 θ30R3IB1 θ30R3A1 0 θ30R3B1 0 0 θ30R3C1 θ30R3D1

2
6666666664

3
7777777775
;

Φ22 ¼ diagf�R1; �R2; �R3; �R1; �R2; �R3g;
Π31 ¼HT ðZ1 � Ω21ÞT þ δ0PIA1 ; Π32 ¼HT ðZ2 � Ω21ÞT þ δ10PIB1 ;

Π33 ¼ �R3�R1 þ Q1 þ Q2 þ Q3 þ AT
1Pþ PA1 þ HT ðZ1 � Ω11ÞH þ HT ðZ2 � Ω11ÞH

Φ31ð1Þ ¼
ffiffiffi
δ

p
NT ; Φ31ð2Þ ¼

ffiffiffi
δ

p
MT ; τ21 ¼ τM�τm; δ10 ¼ 1�δ0;

W ¼ CTΩC 0

0 0

" #
; W1 ¼

Ω 0

0 0

� 	
; Γ ¼ ½0 0 0 N �N þM �M 0 0 0�;

MT ¼ MT
1 MT

2 MT
3 MT

4 MT
5 MT

6 MT
7 MT

8 MT
9

� �
;

NT ¼ NT
1 NT

2 NT
3 NT

4 NT
5 NT

6 NT
7 NT

8 NT
9

� �
;

θ1 ¼ τm
ffiffiffiffiffi
δ0

p
; θ2 ¼

ffiffiffiffiffiffiffiffiffiffi
τ21δ0

p
; θ3 ¼ dM

ffiffiffiffiffi
δ0

p
;

θ10 ¼ τm
ffiffiffiffiffiffi
δ10

p
; θ20 ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
τ21δ10

p
; θ30 ¼ dM

ffiffiffiffiffiffi
δ10

p
;

R¼ τ2mR1 þ τ21R2 þ d2MR3:

Proof. Construct the following Lyapunov functional candidate:

Vðt; xðtÞÞ ¼ V1ðt; xðtÞÞ þ V2ðt; xðtÞÞ þ V3ðt; xðtÞÞ; ð38Þ
where

V1ðt; xðtÞÞ ¼ xT ðtÞPxðtÞ;
V2ðt; xðtÞÞ ¼

Z t

t� τm

xT ðsÞQ1xðsÞdsþ
Z t

t� τM

xT ðsÞQ2xðsÞdsþ
Z t

t�dM

xT ðsÞQ3xðsÞds;

V3ðt; xðtÞÞ ¼ τm

Z t

t� τm

Z t

s

_x
T ðvÞR1 _xðvÞdvdsþ

Z t� τm

t� τM

Z t

s

_x
T ðvÞR2 _x ðvÞdvds

þdM

Z t

t�dM

Z t

s

_x
T ðvÞR3 _xðvÞdvds:

Take the derivative of Viðt; xðtÞÞ along the trajectory of system (29) and take expectation on
LViðt; xðtÞÞ, we can get:

EfLv1ðt; xðtÞÞg ¼ 2xT ðtÞP _x ðtÞ
¼ 2xT ðtÞP½δ0φ1ξðtÞ þ ð1�δ0Þφ2ξðtÞÞ�; ð39Þ

EfLv2ðt; xðtÞÞg ¼ xT ðtÞðQ1 þ Q2 þ Q3ÞxðtÞ�xT ðt�τmÞQ1xðt�τmÞ�xT ðt�τMÞQ2xðt�τMÞ
�xT ðt�dMÞQ3xðt�dMÞ; ð40Þ

EfLv3ðt; xðtÞÞg ¼ δ0ξ
T ðtÞφT

1Rφ1ξðtÞ þ ð1�δ0ÞξT ðtÞφT
2Rφ2ξðtÞ�τm

Z t

t� τm

_x
T ðvÞR1 _x ðvÞdv
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�dM

Z t

t�dM

_x
T ðvÞR3 _xðvÞdv�

Z t� τm

t� τM

_x
T ðvÞR2 _xðvÞdv: ð41Þ

Combining Eqs. (39), (40) and (41) and employing the free matrix method [25], then we can
get:

EfLvðt; xðtÞÞg ¼ 2xT ðtÞP½δ0φ1ξðtÞ þ ð1�δ0Þφ2ξðtÞÞ� þ xT ðtÞðQ1 þ Q2 þ Q3ÞxðtÞ

þδ0ξ
T ðtÞφT

1Rφ1ξðtÞ þ ð1�δ0ÞξT ðtÞφT
2Rφ2ξðtÞ�τm

Z t

t� τm

_x
T ðvÞR1 _x ðvÞdv

�dM

Z t

t�dM

_x
T ðvÞR3 _xðvÞdv

�
Z t� τm

t� τM

_x
T ðvÞR2 _xðvÞdv�xT ðt�τmÞQ1xðt�τmÞ�xT ðt�τMÞQ2xðt�τMÞ

�xT ðt�dMÞQ3xðt�dMÞ þ γ1 þ γ2; ð42Þ
where M, N are free matrices, and

γ1 ¼ 2ξT ðtÞN xðt�τmÞ�xðt�τðtÞÞ�
Z t� τm

t� τðtÞ
_x ðsÞds

	
¼ 0;

�
ð43Þ

γ2 ¼ 2ξT ðtÞM xðt�τðtÞÞ�xðt�τMÞ�
Z t� τðtÞ

t� τM

_x ðsÞds
	
¼ 0:

�
ð44Þ

By lemma 1, the following inequalities hold:

�2ξT ðtÞN
Z t� τm

t� τðtÞ
_x ðsÞdsr

Z t� τm

t� τðtÞ
_x
T ðsÞR2 _xðsÞdsþ ðτðtÞ�τmÞξT ðtÞNR�1

2 NTξðtÞ; ð45Þ

�2ξT ðtÞM
Z t� τðtÞ

t� τM

_x ðsÞdsr
Z t� τðtÞ

t� τM

_x
T ðsÞR2 _xðsÞdsþ ðτM�τðtÞÞξT ðtÞMR�1

2 MTξðtÞ: ð46Þ

By lemma 2, we can get:

�τm

Z t

t� τm

_x
T ðvÞR1 _x ðvÞdvr

xðtÞ
xðt�τmÞ

" #T �R1 n

Rm �R1

" #
xðtÞ

xðt�τmÞ

" #
: ð47Þ

Similarly, by Lemma 3, we have:

�dM

Z t

t�dM

_x
T ðvÞR3 _xðvÞdvr

xðtÞ
xðt�dðtÞÞ
xðt�dMÞ

2
64

3
75
T �R3 n n

R3 �2R3 n

0 R3 �R3

2
64

3
75

xðtÞ
xðt�dðtÞÞ
xðt�dMÞ

2
64

3
75:

ð48Þ
Recalling Assumption 1 and Remark 2, the following inequalities hold:

xðtÞ
F1ðHxðtÞÞ

" #T
HT ðZ1 � Ω11ÞH n

ðZ1 � Ω21ÞH Z1 � In

" #
xðtÞ

F1ðHxðtÞÞ

" #
Z0; ð49Þ
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xðtÞ
F2ðHxðtÞÞ

" #T
HT ðZ2 � Ω11ÞH n

ðZ2 � Ω21ÞH Z2 � In

" #
xðtÞ

F2ðHxðtÞÞ

" #
Z0: ð50Þ

From Eq. (25), we can obtain:

sxT ðt�dðtÞÞCTΩCxðt�dðtÞÞ�eTk ðtÞΩekðtÞZ0; tA ½tkhþ dk; tkþ1hþ dkþ1Þ: ð51Þ

Combining Eqs. (43)–(51), the following inequality holds:

EfLvðt; xðtÞÞg
r2xT ðtÞP δ0φ1ξðtÞ þ ð1�δ0Þφ2ξðtÞ

� �þ xT ðtÞðQ1 þ Q2 þ Q3ÞxðtÞ
þ δ0ξ

T ðtÞφT
1Rφ1ξðtÞ þ ð1�δ0ÞξT ðtÞφT

2Rφ2ξðtÞ

þ
xðtÞ

xðt�τmÞ

" #T �R1 n

R1 �R1

" #
xðtÞ

xðt�τmÞ

" #
þ

xðtÞ
xðt�dðtÞÞ
xðt�dMÞ

2
64

3
75
T

�R3 n n

R3 �2R3 n

0 R3 �R3

2
64

3
75

xðtÞ
xðt�dðtÞÞ
xðt�dMÞ

2
64

3
75

�xT ðt�τmÞQ1xðt�τmÞ�xT ðt�τMÞQ2xðt�τMÞ�xT ðt�dMÞQ3xðt�dMÞ

þ
xðtÞ

F1ðHxðtÞÞ

" #T
HT ðZ1 � Ω11ÞH n

ðZ1 � Ω21ÞH Z1 � In

" #
xðtÞ

F1ðHxðtÞÞ

" #

þ
xðtÞ

F2ðHxðtÞÞ

" #T
HT ðZ2 � Ω11ÞH n

ðZ2 � Ω21ÞH Z2 � In

" #
xðtÞ

F2ðHxðtÞÞ

" #

þ 2ξT ðtÞN½xðt�τmÞ�xðt�τðtÞÞ� þ 2ξT ðtÞM½xðt�τðtÞÞ�xðt�τMÞ�
þ ðτðtÞ�τmÞξT ðtÞNR�1

2 NTξðtÞ þ ðτM�τðtÞÞξT ðtÞMR�1
2 MTξðtÞ

þ sxT ðt�dðtÞÞWxðt�dðtÞÞ�eTk ðtÞΩekðtÞ: ð52Þ
Recalling Eqs. (37), (52), and using Lemma 4 and Schur supplement, we can conclude that:

EfLvðt; xðtÞÞgo0; ð53Þ

then by Lyapunov stability theory, we can easily see that: the system (29) is asymptotically
stable. This completes the proof. □

The following theorem is derived to design the parameters of the desired estimator defined in
Eq. (26) by using the sufficient conditions established in Theorem 1.

Theorem 2. For given constants 0rτmrτM ; dM , event-trigger parameter s, and the quantitative
density ρg, complex network systems (29) is asymptotically stable, if there exist matrices
P140;P240, Q140, Q240, Q340, R140, R240, R340 and Y, Mk, Nk ðk ¼ 1; 2;…; 9Þ, Z1,
Z2 with appropriate dimensions, such that for given εi40 ði¼ 1; 2; 3; 4Þ, the following linear
matrix inequalities hold:
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~Σ ðsÞ ¼

~Φ11 þ Γ þ ΓT n n n

~Φ21 ~Φ22 n n

Φ31ðsÞ 0 �R2 n

Φ41 Φ42 Φ43 Φ44

2
66664

3
77775o0; s¼ 1; 2: ð54Þ

where:

~Φ11 ¼

Z1 � In n n n n n n n n

0 Z2 � In n n n n n n n

Π31 Π32 Π33 n n n n n n

0 0 R1 �R1�Q1 n n n n n

0 0 BT
1P 0 0 n n n n

0 0 0 0 0 �Q2 n n n

0 0 0 0 0 0 �R3�Q3 n n

0 0 R3 þ C
T
P 0 0 0 R3 sW�2R3 n

0 0 DTP 0 0 0 0 0 �W1

2
66666666666666664

3
77777777777777775

;

C ¼ 0 0

�KC 0

� 	
; D ¼ 0

�K

� 	
;

~Φ21 ¼

θ1PIA1 0 θ1PA1 0 θ1PB1 0 0 θ1PC θ1PD

θ2PIA1 0 θ2PA1 0 θ2PB1 0 0 θ2PC θ2PD

θ3PIA1 0 θ3PA1 0 θ3PB1 0 0 θ3PC θ3PD

0 θ10PIB1 θ10PA1 0 θ10PB1 0 0 θ10PC θ10PD

0 θ20PIB1 θ20PA1 0 θ20PB1 0 0 θ20PC θ20PD

0 θ30PIB1 θ30PA1 0 θ30PB1 0 0 θ30PC θ30PD

2
6666666664

3
7777777775
;

~Φ22 ¼ diag ~R1; ~R2; ~R3; ~R1; ~R2; ~R3
� �

; ~Ri ¼ ε2i Ri�2εiP; i¼ 1; 2; 3;

PIA1 ¼
P1IA
P2IA

" #
; PIB1 ¼

P1IB
P2IB

" #
; PA1 ¼

P1ðG � Γ1Þ 0

YC P2ðG � Γ1Þ�YC

" #
;

PB1 ¼
P1ðG � Γ2Þ 0

0 P2ðG � Γ2Þ

" #
; PC ¼ 0 0

�YC 0

� 	
; PD ¼ 0

�Y

� 	
;

Φ41 ¼
01�3 � I 01�8 0 0 0

01�3 0 01�8 �ε4YC 0 �ε4Y

" #
; Φ42 ¼ Γ1 Γ2 Γ3 Γ10 Γ20 Γ30½ �;

Γi ¼
0 �θiI

0 0

� 	
; i¼ 1; 2; 3; Γi0 ¼

0 �θi0I

0 0

� 	
; i¼ 1; 2; 3;

Φ43 ¼
0 0

0 0

� 	
; Φ44 ¼ diag �ε4I; �

ε4
δ2g

I

( )
:

Moreover, the parameter of the desired state estimator is given as: K ¼ P�1
2 Y .

Proof. For the convenience of derivation, define: P¼ diagfP1;P2g40, Q1 ¼ diagfQ1;Q1g40,
Q2 ¼ diagfQ2;Q2g40, Q3 ¼ diagfQ3;Q3g40, R1 ¼ diagfR1;R1g40, R2 ¼ diagfR2;R2g40,
R3 ¼ diagfR3;R3g40, Mk ¼ diagfMk ;Mkg, Nk ¼ diagfNk ;Nkg ðk¼ 1; 2…; 9Þ. Similar to the
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methods in [23], pre- and post-multiplying both sides of Eq. (37) with
diagfI;PR�1

1 ;PR�1
2 ;PR�1

3 ;PR�1
1 ;PR�1

2 ;PR�1
3 ; Ig and its transpose, respectively, and combin-

ing the following inequality: �PR�1
i Prε2i Ri�2εiP; i¼ 1; 2; 3, we can obtain that:

Σ ¼
Φ11 þ Γ þ ΓT n n

Φ̂21 ~Φ22 n

Φ31ðsÞ 0 �R2

2
64

3
75o0; s¼ 1; 2; ð55Þ

where

Φ̂21 ¼

θ1PIA1 0 θ1PA1 0 θ1PB1 0 0 θ1PC1 θ1PD1

θ2PIA1 0 θ2PA1 0 θ2PB1 0 0 θ2PC1 θ2PD1

θ3PIA1 0 θ3PA1 0 θ3PB1 0 0 θ3PC1 θ3PD1

0 θ10PIB1 θ10PA1 0 θ10PB1 0 0 θ10PC1 θ10PD1

0 θ20PIB1 θ20PA1 0 θ20PB1 0 0 θ20PC1 θ20PD1

0 θ30PIB1 θ30PA1 0 θ30PB1 0 0 θ30PC1 θ30PD1

2
6666666664

3
7777777775
;

PC1 ¼
0 0

�P2KðI þ ΔgÞC 0

" #
; PD1 ¼

0

�P2KðI þ ΔgÞ

" #
;

and Eq. (55) can be rewritten as following:

Σ ¼ Σ11 þ LIP2KLg þ LT
gK

TP2LT
I ; ð56Þ

where

Σ11 ¼
~Φ11 þ Γ þ ΓT n n

~Φ21 ~Φ22 n

Φ31ðsÞ 0 �R2

2
64

3
75; s¼ 1; 2;

Lg ¼ ½01�12 ΔgC 0 Δg 01�14�; LY ¼ ½01�12 �YC 0 �Y 01�14�;
LI ¼ ½01�3 � I 01�12 �θ1I 0 �θ2I 0 �θ3I 0 �θ10I 0 �θ20I 0 �θ30I 01�2�T :

Applying Lemma 5, there exists ε440, such that:

ΣrΣ11 þ ε�1
4 LILT

I þ ε4LT
YΔ

2
gLY ; ð57Þ

notice that:

Δ2
grδ2gI: ð58Þ

By using Schur supplement, according to Eqs. (37) and (57), we can obtain Eq. (54). Defining
Y ¼ P2K, thus the parameter of the desired state estimator is given as K ¼ P�1

2 Y . This completes
the proof. □

Remark 3. From Theorem 2, for given s and εi; i¼ 1; 2; 3, by solving the linear matrix
inequality (54), we can obtain the state estimator K and the event-triggered matrix Ω. Meanwhile,
from Theorem 2, it should be noted that the state estimator K is not only related to the event-
triggered matrix Ω, but also related to the density of quantization ρg.
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4. Numerical results

Consider the following continuous complex network systems which consist of 5 coupled
nodes, and the dynamical function of every node can be described by the following model:

_xiðtÞ ¼ δðtÞAf 1ðxiðtÞÞ þ ð1�δðtÞÞBf 2ðxiðtÞÞ þ
XN
j ¼ 1

gijΓ1xjðtÞ

þ
XN
j ¼ 1

gijΓ2xjðt�τðtÞÞ; ði¼ 1; 2; 3; 4; 5Þ; ð59Þ

where

xiðtÞ ¼
xi1ðtÞ
xi2ðtÞ

" #
; A¼ �0:1 0:2

0:1 �0:3

� 	
; B¼ �0:2 0:25

0:25 �0:3

� 	
:

The external coupling configuration matrix G and the inner-coupling matrix Γ1;Γ2 are given
by:

G¼

�17 0:01 0 0 0:01

0:01 �15 0 0 0

0:01 0:02 �16 0 0:02

0:02 0:01 0 �16 0:01

0 0 0:01 0:01 �14

2
6666664

3
7777775
; Γ1 ¼

1 0

0 1

� 	
; Γ2 ¼ 0:1Γ1:
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Fig. 2. The state response curve of e(t).
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Fig. 3. The release instants and release intervals.
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Fig. 4. Measurement of yðtÞ before quantization.

J. Liu et al. / Journal of the Franklin Institute 353 (2016) 4565–4582 4579
The dynamical behavior of networks nodes can be described as:

f 1ðxiðtÞÞ ¼
0:4xi1ðtÞ� tanhð0:3xi2ðtÞÞ þ 0:2xi2ðt�τðtÞÞ

0:9xi2ðtÞ� tanhð0:7xi2ðtÞÞ

" #
;

f 2ðxiðtÞÞ ¼
0:3xi1ðtÞ� tanhð0:2xi1ðtÞÞ þ 0:1xi2ðt�τðtÞÞ

0:8xi2ðtÞ� tanhð0:6xi2ðtÞÞ

" #
;

suppose the measurement output matrix C is: C¼ 0:2 �0:5 0:2 0 0:2 �0:6 0:2 0 �0:7 0:2½ �,
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Fig. 5. Measurement of yðtÞ after quantization.
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Fig. 6. The state response curve of the system (26).
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the initial condition of the system is: x0 ¼ ½0:4; �0:3; 0:5; �0:1; 0:2; �0:2; 0:1; �0:5; 0:3;
�0:4�T ,
Suppose the random switching probability of networks nodes is δ0 ¼ 0:6, the lower bound of

time-varying delays is τm ¼ 0, the upper bound is τM ¼ 0:2, the constant dM is dM¼0.03, the
event-triggered parameter is s¼ 0:2, sampling period is h¼0.05. In fact, for
ε1 ¼ ε2 ¼ ε3 ¼ ε4 ¼ 1, by applying Theorem 2, using LMI tool box to solve the inequality
(54), we can get the event-triggered matrix is Ω¼ 51:6877, the estimator matrix is:

K ¼ ½�0:0114; 0:0286; �0:0040; �0:0001; �0:0073; 0:0215; �0:0074; �0:0000; 0:0083; �0:0025�T ;

Y ¼ ½�0:8494; 2:1313; �0:3194; �0:0103; �0:5630; 1:6663; �0:5737; �0:0002; 0:6938; �0:2128�T :
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Simulation results are shown in Figs. 2–6. From Fig. 2 we can see that the error system can
achieve asymptotically stability. Fig. 3 shows the release instants and release intervals. From
Fig. 3, we can see that the event-triggered communication scheme can save network bandwidth
and reduce the energy consumption of state estimator. By comparing Fig. 4 with Fig. 5, we can
see the effect of quantization for complex network systems. The advantage of quantization is that
it requires low communication rate, and can reduce the risk of data loss for complex network
systems. Fig. 6 is the state response curve of the system (26).
5. Conclusion

This paper investigates the event-triggered state estimation problem for a class of complex
network systems with quantization. In order to save network bandwidth, reduce the pressure of
data transmission and the communication load, this paper introduces the event generator and
logarithmic quantizer in the process of state estimator design for complex network systems. The
novel asymptotic stability conditions are derived for complex network systems by using
Lyapunov stability theory, linear matrix inequality techniques and free-weighting matrix method.
Furthermore, based on the stability conditions, the flexible approach of the desired state estimator
is derived. Finally, a numerical example verifies the usefulness of the proposed theoretical
results.
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