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a b s t r a c t

This paper is concerned with adaptive event-triggered H1 filter design for a class of T-S fuzzy systems
with time delay. Firstly, an adaptive event-triggered scheme is introduced, which can adaptively adjust
the communication threshold to save the limited communication resource. Secondly, a T-S fuzzy model is
applied to approximate the nonlinear dynamics of the plant. By using Lyapunov function, sufficient

that the filtering error dynamics is locally mean square asymptotically stable. Then, the explicit
expression is provided for the designed filter parameters. Finally, a simulation example is employed to
illustrate the design method.

& 2016 Published by Elsevier B.V.
1. Introduction

Many industrial systems exhibit severe nonlinear character-
istics, which usually make the stability analysis and design more
difficult [1–3]. On modeling nonlinear behavior, Takagi-Sugeno (T-
S ) fuzzy models are qualified to represent a class of nonlinear
dynamic systems. Much attention has been attracted by T-S fuzzy
system, which can be analyzed by many methods of conventional
linear systems and described by a family of IF-THEN rules to
approximate any continuous functions [4–7]. As is well known,
many efforts have been paid to T-S fuzzy system [8–17]. In [15], the
paper is concerned with the problem of robust H1 control for
uncertain T-S fuzzy systems with interval time-varying delay, of
which the delay is assumed to be a time-varying function
belonging to an interval. In [16], the author investigates the pro-
blems of state estimation for nonlinear positive systems based on
T-S fuzzy model. The authors in [17] are concerned with event-
triggered fuzzy control design for a class of discrete-time nonlinear
networked control systems (NCSs) with time-varying commu-
nication delays. Specially, the filtering problem have been widely
investigated over the past years [18–22]. In [19], reliable H1 filter
design for a class of T-S fuzzy systems with stochastic sensor faults
under an event-triggered scheme has been investigated. In [20],
the robust and reliable H1 filter design for a class of nonlinear
NCSs with random sensor faults via T-S fuzzy model have been
investigated. In [22], the authors investigate a combined event-
triggered communication scheme and H1 fuzzy filter co-design
method for a class of nonlinear networked control system.

Compared with the periodic sampling method, the event-
triggered scheme could not only reduce the burden of the com-
munication but also preserve the desired properties of the ideal
continuous state feedback system, such as stability and con-
vergence. The outstanding application on event-triggered scheme
could be found in many literatures [24,23,25–27,29]. For example,
in [23], the paper is concerned with the control design problem of
event-triggered networked systems with both state and control
input quantizations. In [25], authors investigate the reliable con-
trol design for networked control system under event-triggered
scheme. The author in [26] investigated the event-triggered H1
controller design problem for nonlinear networked control sys-
tems (NCSs) with time delay and uncertainties. In [27], the pro-
blem of event-triggered fuzzy filtering is investigated for a class of
NCSs. The authors in [29] proposed a novel event-triggered
scheme and constructed a delay system model for the analysis,
then they derived the criteria for stability with an H1 norm bound
and criteria for co-designing both the feedback gain and the trig-
ger parameters. As we all know, the network-induced delays,
packet dropouts and disorder are mainly caused by the limited
network bandwidth. As communication bandwidth is scarce in a
shared communication channel, one obvious problem when con-
sidering NCSs is whether there is sufficient communication
bandwidth to feedback information to the controller and then
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send the control commands to the actuators and the plants
[30,31]. However, the above proposed event-triggered scheme are
based on the inequality eTk ðtÞΦekðtÞ4δxT ðtkþ1ÞΦxðtkþ1Þ, where Φ
is a symmetric positive definite matrix, δ is a positive constant.
Since the trigger parameter is a constant, it cannot adjust the
sampling interval dynamically, which can waste the communica-
tion resources. Therefore, to mitigate the unnecessary waste of
computation and communication resources in the conventional
event-triggered scheme while keeping the control performance,
the adaptive event-triggered scheme has beenproposed. This is
also the motivation of this work.

In this paper, an adaptive event-triggered scheme has been
introduced to a T-S fuzzy system with time delay. The adaptive
scheme shows an effective way to keep balance for the system
control performance and network communication bandwidth
burden. An algorithm is presented to find the adaptive threshold
instead of a pre-given constant to achieve good performance of the
proposed adaptive scheme, which is the challenge of this work.
Moreover, the filtering problem for T-S fuzzy system is investi-
gated under the adaptive event-triggered scheme. By using Lya-
punov functional approach, a sufficient condition for the existence
of the desired filter is established in terms of linear matrix
inequalities. Finally, a simulation example is provided to illustrate
the effectiveness of the proposed method.

Notation: The superscript “T” represents matrix transposition,
Rn and Rn�m denote the n-dimensional Euclidean space, and the
set of n�m real matrices; J � J represents the Euclidean vector
norm or the induced matrix 2-norm as appropriate; I is the
identity matrix of appropriate dimension.

A n

B C

� �
denote a symmetric matrix, where n denotes the entries implied
by symmetry, for a matrix B and two symmetric matrices A and C.
The notation X40 (respectively, XZ0), for XARn�n means that
the matrix X is real symmetric positive definite (respectively,
positive semi-definite).
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Fig. 1. A typical filtering for networked control system with adaptive event trig-
gered scheme.
2. Problem statement and preliminaries

Consider the following nonlinear system represented by the
following T-S fuzzy system with r plant rules. Plant rule Ri: IF θ1ðtÞ
is W1

i and ⋯ and θgðtÞ is Wg
i, THEN

_xðtÞ ¼ AixðtÞþAdixðt�τðtÞÞþAωiωðtÞ
yðtÞ ¼ CixðtÞ
zðtÞ ¼ LixðtÞ

8><
>: ð1Þ

where r is the number of IF-THEN rules, θ1ðtÞ, θ2ðtÞ,…, θgðtÞ are the
premise variables, xðtÞARn, yðtÞARm and zðtÞARp are the state
vector, output vector and the signal to be estimated, respectively.
Ai, Adi, Aωi, Ci, Li are parameter matrices with appropriate dimen-
sions, ωðtÞAL2½0;1Þ denotes the exogenous disturbance signal,
τðtÞ is a time-varying delay taking values on the interval ½τm; τM�,
where τm and τM are positive real numbers.

By using center-average defuzzifier, product interference and
singleton fuzzifier, the obtained fuzzy system ð1Þ is inferred as
follows:

_xðtÞ ¼ AðtÞxðtÞþAdðtÞxðt�τðtÞÞþAωðtÞωðtÞ
yðtÞ ¼ CðtÞxðtÞ
zðtÞ ¼ LðtÞxðtÞ

8><
>: ð2Þ

where AðtÞ ¼ Pr
i ¼ 1

hiAi, AdðtÞ ¼
Pr
i ¼ 1

hiAdi, AωðtÞ ¼
Pr
i ¼ 1

hiAωi, CðtÞ ¼
Pr
i ¼ 1

hiCi, LðtÞ ¼ Pr
i ¼ 1

hiLi. hi is the abbreviation for hiðθðtÞÞ,
hiðθðtÞÞ ¼ μiðθðtÞÞPr
i ¼ 1

μiðθðtÞÞ
;μiðθðtÞÞ ¼ ∏

g

j ¼ 1
Wi

jðθjðtÞÞ, Wi
jðθjðtÞÞ is the grade
membership value of θjðtÞ in Wj
i and hiðθðtÞÞ satisfies

hiðθðtÞÞZ0;
Pr
i ¼ 1

hiðθðtÞÞ ¼ 1. For notational simplicity, we use hi to

represent hiðθðtÞÞ.
The purpose of this paper is to design a H1 fuzzy filter for

system ð2Þ, the following time-varying filter structure is proposed:

_xf ðtÞ ¼ Afixf ðtÞþBfiŷðtÞ
zf ðtÞ ¼ Cfixf ðtÞ

(
ð3Þ

where xf ðtÞARn is the filter state vector, zf ðtÞARp the estimation of
z(t), ŷðtÞ is the real input of the filter. The matrices AfiARn�n,
BfiARn�m, CfiARp�n are to be determined.

The defuzzified output of (3) is referred by

_xf ðtÞ ¼ Af ðtÞxf ðtÞþBf ðtÞŷðtÞ
zf ðtÞ ¼ Cf ðtÞxf ðtÞ

(
ð4Þ

where Af ðtÞ ¼
Pr
i ¼ 1

hiAfj, Bf ðtÞ ¼
Pr
i ¼ 1

hiBfj, Cf ðtÞ ¼
Pr
i ¼ 1

hiCfj.

Remark 1. In traditional filtering problem, the effect of the com-
munication network can be neglected, thus ŷðtÞ ¼ yðtÞ. However, in
networked control systems, the existence of network-induced
delays should be take into account. We have ŷðtÞayðtÞ in this paper.

The sensor sample the measurement output y(t) with the
regular sampling period in Fig. 1, which leads to transmit many
unnecessary signals, reduce bandwidth utilization and increase
consumption of limited energy of wireless sensor nodes because
every sampled-signal must be transmitted to a fuzzy filter through
a network channel. In order to mitigate the burden of commu-
nication and prolong the lifetime of wireless sensor nodes in Fig. 1,
an adaptive event generator is attached to the sensor, which is
used to determine whether or not the current sampled measure-
ment y(t) should be transmitted. We use kh and tkh to represent
the sampling instants and the triggered instants, respectively,
where h is the sampling period. Specifically, once tkh is trans-
mitted, the next triggered instant is determined by

tkþ jh¼ tkhþminfnhj ½yðtkþ jhÞ�yðtkhÞ�TΦ½yðtkþ jhÞ�yðtkhÞ�
4δðtkþ jhÞyT ðtkþ jhÞΦyðtkþ jhÞg ð5Þ

whereΦ is a symmetric positive definite matrix, δðtÞA ½0:1;0:5�. nh
means the sampling instants between the current transmitted
sampling instant tk and the future transmitted sampling instant
tkþ j. The trigger parameter δðtÞ in the adaptive event-triggered
scheme is not a constant, which presents a differential function
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satisfying [33]

_δðtÞ ¼ dδðtÞ ð6Þ

where δð0Þ ¼ 0:1 is the initial condition of parameter δðtÞ and

d¼
1; eTk ðtÞΦekðtÞoρ

0; eTk ðtÞΦekðtÞ ¼ ρ or 0

�1; eTk ðtÞΦekðtÞ4ρ

8>><
>>: ð7Þ

where ρ is a non-negative constant number.
Algorithm to find the communication parameter ρ:

Step 1: For given δM and τ1 ¼ 0, set τ2 ¼ τ2þμ, where μ is the
step increment of τ2, τ2 is the upper delay bound of τðtÞ.

Step 2: For a given τ2 in step 1, if there exists a feasible solution
satisfying LMIs (36), go to step 3; otherwise go to Step 1.

Step 3: Use the Matlab LMI Toolbox to find the maximum τ2, and
the corresponding Φ based on Theorem 2.

Step 4: Set a simulation time T, and based on an ordinary event-
triggered scheme with an initial triggering parameter
δð0Þ, where δð0ÞrδM , use Simulink to find the state error
e(t) at every sampling instant.

Step 5: Based on step 4, calculate the average error function
eTk ðtÞΦekðtÞ, then output the parameter ρ, where ρ is
equal to the average state error function.

Remark 2. It is noticed that if the trigger parameter δðtÞ in our
proposed adaptive event triggered scheme is not a constant, but a
differential function satisfying (6). Combining (6) and (7) and the
Algorithm for the communication parameter ρ, we can see that
when eTk ðtÞΦekðtÞ4ρ, d¼ �1 occurs, the value of ρ will decrease,
which means the discussed system (19) is unstable in this situa-
tion and more sampled sensor measurements should be trans-
mitted; when eTk ðtÞΦekðtÞ ¼ ρ or 0; d¼ 0 occurs, the adaptive event
triggered scheme reduces to a event triggered scheme with a
constant trigger parameter; when eTk ðtÞΦekðtÞoρ; d¼ 1 occurs, the
value of ρ will increase, the transmitted sensor measurements will
be reduced. We can see that the proposed event triggered scheme
can reduce the burden of transmission and it is more adaptive
than some existing ones.

The communication delays in the network are assumed to be
dk; dkA ½0; d�, where d is a positive real number. Under the event-
triggered scheme (5), suppose the triggered instants are t0h;
t1h; t2h;⋯, the correspondent triggered signals yðt0hÞ; yðt1hÞ; yðt2hÞ;
…; yðtkhÞ will arrive at the filter at instants t0hþd0; t1hþd1;
t2hþd2;⋯, respectively.

Remark 3. The sensors in the communication network are time-
triggered with a constant sampling period h. The transmission of
the sampled data is determined by the adaptive event-triggered
communication scheme (5). The sensor samples measurements
output yðtÞ at time kh; kAR, the release instants are tk; kAR, the
transmitted measurement output are represented by yðt0hÞ; yðt1hÞ;
yðt2hÞ;…; yðtkhÞ;⋯ will reach the filter, where t0 ¼ 0 is the initial
released instant.

Based on the above analysis, considering the behavior of ZOH,
the input of the filter ŷðtÞ can be described as

ŷðtÞ ¼
Xr

i ¼ 1

hiyðtkhÞ; tA ½tkhþdk; tkþ1hþdkþ1Þ ð8Þ

For technical convenience, the following two cases will be
considered:
Case 1: If tkhþhþdZtkþ1hþdkþ1, where d ¼max dk, define a
function dðtÞ as
dðtÞ ¼ t�tkh; tA ½tkhþdk; tkþ1hþdkþ1Þ ð9Þ

Case 2: If tkhþhþdotkþ1hþdkþ1, consider the following two
intervals:

½tkhþdk; tkhþhþdÞ; ½tkhþ ihþd; tkhþ ihþhþdÞ
Since dkrd, it can be easily shown that there exists a
positive integer δMZ1 such that

tkhþδMhþdotkþ1hþdkþ1rtkhþδMhþhþd ð10Þ
Moreover, yðtkhÞ and tkhþ ih with i¼ 1;2;…;δM satisfy
the event triggered scheme (5). Let

I0 ¼ ½tkhþdk; tkhþhþdÞ
Ii ¼ ½tkhþ ihþd; tkhþ ihþhþdÞ
IdM ¼ ½tkhþδMhþd; tkþ1hþdkþ1Þ

8>><
>>: ð11Þ

where i¼ 1;2;…; δM�1. It can be easily shown that

½tkhþdk; tkþ1hþdkþ1Þ ¼ ⋃
i ¼ δM

i ¼ 0
Ii ð12Þ

Define

dðtÞ ¼
t�tkh; tA I0
t�tkh� ih; tA Ii; i¼ 1;2;⋯; δM�1
t�tkh�δMh; tA IδM

8><
>: ð13Þ

From the definition of dðtÞ, we can define

ekðtÞ ¼
0; tA I0
yðtkhÞ�yðtkhþ ihÞ; tA Ii; i¼ 1;2;⋯; δM�1
yðtkhÞ�yðtkhþδMhÞ; tA IδM

8><
>: ð14Þ

Remark 4. From the definition of ekðtÞ and the triggering algo-
rithm (5), we can obtain that for ½tkhþdk; tkþ1hþdkþ1Þ
ekðtÞ ¼ yðtkhÞ�yðt�dðtÞÞ: ð15Þ
Remark 5. Noticed that dðtÞ is different from the traditional time-
varying delay. dðtÞ depends not only on the release times, but also
on the network induce delay dk and the sampling period h.

Remark 6. Since there exists a communication network between
the sensor and the filter, the premises in the system and the ones
at the filter side are asynchronous. That is, when θiðtÞ is available
in (2), only θiðtkhÞ is available at the filter side at the same instant
tA ½tkhþdk; tkþ lhþdkþ1Þ. In this paper, we assume that the
mechanical model of the studied system is known a priori, once
the initial condition is given, based on the known mechanical
model, the state of the studied system can be calculated. Since θi

ðtkhÞ is available at the filter side, θiðtÞ can be calculated for
tA ½tkh; tkþ1hÞ. Therefore, the synchronous premise variables θiðtÞ
can be derived at the filter side.

From the above description, the adaptive event-triggered
scheme can be expressed as

tkþ jh¼ tkhþminfnhjeTk ðtÞΦekðtÞ4δðtkþ jhÞyT ðt�dðtÞÞΦyðt�dðtÞÞg
ð16Þ

Based on the above description, the actual output ŷðtÞ in (8) can
be described as

ŷðtÞ ¼
Xr

i ¼ 1

hiðekðtÞþCixðt�dðtÞÞÞ; tA ½tkþdk; tkþ1þdkþ1Þ ð17Þ
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Combine (4) and (17), the defuzzified value of the filter can be
rewritten as

_xf ðtÞ ¼
Xr

i ¼ 1

Xr

j ¼ 1

hihj½Afjxf ðtÞþBfjðtÞekðtÞþBfjCixðt�dðtÞÞ�

zf ðtÞ ¼
Xr

i ¼ 1

Xr

j ¼ 1

hihjCfjxf ðtÞ

8>>>>><
>>>>>:

ð18Þ

By introducing a new vector eðtÞ ¼ xT ðtÞ xTf ðtÞ�T
h iT

and letting the
filtering error be ~zðtÞ ¼ zðtÞ�zf ðtÞ, based on Eqs. (2) and (18), the
following augment system can be obtained:

_eðtÞ ¼
Xr

i ¼ 1

Xr

j ¼ 1

hihj AeðtÞþAdHeðt�τðtÞÞþBHeðt�dðtÞÞþB1ekðtÞþAwωðtÞ
n o

~zðtÞ ¼
Xr

i ¼ 1

Xr

j ¼ 1

hihjLeðtÞ

8>>>>><
>>>>>:

ð19Þ
where

A ¼
Ai 0
0 Afj

" #
; Ad ¼

Adi

0

� �
; B ¼

0
BfjCi

" #
;

B1 ¼
0
Bfj

" #
; Aω ¼ Aωi

0

� �
; L ¼ Li �Cfj

h i
;

H ¼ I 0
� �

The following lemmas and definitions are needed in the proof
of our main results.

Lemma 1 (see Peng and Tian [16]). For any constant matrix
RAR;R¼ RT 40, vector function _x : ½�τM ;0�-Rn and constant
τM40, so that the following integration is well defined, it holds that

�τM
Z t

t� τM

_xT ðsÞR _xðsÞ dsr
xðtÞ
xðt�τMÞ

" #T �R R

R �R

� � xðtÞ
xðt�τMÞ

" #

ð20Þ
Lemma 2 (see Wang and Xie [32]). For any vectors x; yARn, and
positive definite matrix QARn�n, the following inequality holds that:

2xTyrxTQxþyTQ �1y ð21Þ
Lemma 3 (see Tian et al. [28]). Suppose Ξ1;Ξ2 and Ω are constant
matrices of appropriate dimensions, 0rτmrτðtÞrτM, then

ðτðtÞ�τmÞΞ1þðτM�τðtÞÞΞ2þΩo0 ð22Þ
if and only if

ðτM�τmÞΞ1þΩo0

and

ðτM�τmÞΞ2þΩo0

hold.
3. Main results
Theorem 1. For some given constants 0rτmrτM ; dM, γ and δM, the
system (19) is exponentially mean-square (EMSS) with a prescribed
H1 performance γ under the adaptive event-triggered scheme, if
there exist matrices Q140;Q240;Q340;R140, R240;R340;Φ
40;Mij40;Nij40; Tij40; Sij40 with appropriate dimensions so
that the following matrix inequalities hold:

Π ijðsÞþΠ jiðsÞo0; ir jAR ð23Þ
where

Π ijðsÞ ¼

Π ij
11 n n n

Π ij
21 � I n n

Π ij
31 0 Π ij

33 n

Π ij
41ðsÞ 0 0 Π ij

44

2
666664

3
777775o0; s¼ 1;2;3;4:

Π ij
11 ¼

Σ ij1 n n n n n n n

R2 Σ ij2 n n n n n n

HTAd
T
P Mij3�MT

ij2 Σ ij3 n n n n n

0 0 Nij4�NT
ij3 Σ ij4 n n n n

HTB
T
PþSij5�STij1 0 0 0 Σ ij5 n n n

0 0 0 0 Tij6�TT
ij5 Σ ij6 n n

B1
T
P 0 0 0 0 0 �Φ n

Aw
T
P 0 0 0 0 0 0 �γ2I

2
6666666666666666664

3
7777777777777777775

Σ ij1 ¼ A
T
PþPAþSij1þSTij1þQ1þQ2þQ3�R2;

Σ ij2 ¼ �Q1�R2þMij2þMT
ij2

Σ ij3 ¼ �Mij3�MT
ij3þNij3þNT

ij3;

Σ ij4 ¼ �Nij4�NT
ij4�Q2

Σ ij5 ¼ �Sij5�STij5þTij5þTT
ij5þδMHTCT

i ΦCiH;

Σ ij6 ¼ �Q3�Tij6�TT
ij6

Π ij
21 ¼ L 0 0 0 0 0 0 0

� �
;

Π ij
33 ¼ diagf�PR�1

1 P; �PR�1
2 P; �PR�1

3 Pg

Π ij
31 ¼

ffiffiffiffiffiffiffi
τ21

p
PA 0

ffiffiffiffiffiffiffi
τ21

p
PAdH 0

ffiffiffiffiffiffiffi
τ21

p
PBH 0

ffiffiffiffiffiffiffi
τ21

p
PB1

ffiffiffiffiffiffiffi
τ21

p
PAω

τmPA 0 τmPAdH 0 τmPBH 0 τmPB1 τmPAωffiffiffiffiffiffiffi
dM

p
PA 0

ffiffiffiffiffiffiffi
dM

p
PAdH 0

ffiffiffiffiffiffiffi
dM

p
PBH 0

ffiffiffiffiffiffiffi
dM

p
PB1

ffiffiffiffiffiffiffi
dM

p
PAω

2
664

3
775;

δM ¼max δðtÞ

Π ij
41ð1Þ ¼

ffiffiffiffiffiffiffi
τ21

p
MT

ijffiffiffiffiffiffiffi
dM

p
STij

2
4

3
5; Π ij

41ð2Þ ¼
ffiffiffiffiffiffiffi
τ21

p
MT

ijffiffiffiffiffiffiffi
dM

p
TT
ij

2
4

3
5

Π ij
41ð3Þ ¼

ffiffiffiffiffiffiffi
τ21

p
NT

ijffiffiffiffiffiffiffi
dM

p
TT
ij

2
4

3
5; Π ij

41ð4Þ ¼
ffiffiffiffiffiffiffi
τ21

p
NT

ijffiffiffiffiffiffiffi
dM

p
STij

2
4

3
5; τ21 ¼ τM�τm

MT
ij ¼ 0 MT

ij2 MT
ij3 0 0 0 0 0

h i
;

NT
ij ¼ 0 0 NT

ij3 NT
ij4 0 0 0 0

h i
STij ¼ STij1 0 0 0 STij5 0 0 0

h i
;

TT
ij ¼ 0 0 0 0 TT

ij5 TT
ij6 0 0

h i

Proof. Consider the following Lyapunov functional candidate for
system (19)

VðtÞ ¼ V1ðtÞþV2ðtÞþV3ðtÞ ð24Þ
where

V1ðtÞ ¼ eT ðtÞPeðtÞ

V2ðtÞ ¼
Z t

t� τm
eT ðsÞQ1eðsÞ dsþ

Z t

t� τM
eT ðsÞQ2eðsÞ ds

þ
Z t

t�dM
eT ðsÞQ3eðsÞ ds

V3ðtÞ ¼
Z t� τm

t� τM

Z t

s
_eT ðvÞR1 _eðvÞ dv ds

þτm
Z t

t�τm

Z t

s
_eT ðvÞR2 _eðvÞ dv dsþ

Z t

t�dM

Z t

s
_eT ðvÞR3 _eðvÞ dv ds

and P40, Qi40;Ri40 ði¼ 1;2;3Þ are all symmetric positive
definite matrices with appropriate dimensions. Taking the
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derivation of VðtÞ, we have

_V1 ðtÞ ¼ 2
Xr

i ¼ 1

Xr

j ¼ 1

hihj _e
T ðtÞPeðtÞ ð25Þ

_V2 ðtÞ ¼ eT ðtÞðQ1þQ2þQ3ÞeðtÞ�xT ðt�τmÞQ1eðt�τmÞ ð26Þ

�eT ðt�τMÞQ2eðt�τMÞ�eT ðt�dMÞQ3eðt�dMÞ
_V3 ðtÞ ¼

Xr

i ¼ 1

Xr

j ¼ 1

hihj _e
T ðtÞ½ðτM�τmÞR1þτ2mR2þdMR3� _eðtÞ

�
Z t� τm

t�τM

_eT ðsÞR1 _xðsÞ ds�τm
Z t

t� τm
_eT ðsÞR2 _eðsÞ ds

�
Z t

t�dM

_eT ðsÞR3 _eðsÞ ds ð27Þ

Using and employing the free-weighting matrix method, the fol-
lowing is obtained:

_V ðtÞþ ~zT ðtÞ~zðtÞ�γ2ωT ðtÞωðtÞr2
Xr

i ¼ 1

Xr

j ¼ 1

hihj _e
T ðtÞPeðtÞ

þeT ðtÞðQ1þQ2þQ3ÞeðtÞ�eT ðt�τmÞQ1eðt�τmÞ
�eT ðt�τMÞQ2eðt�τMÞ�eT ðt�dMÞQ3eðt�dMÞ

þ
Xr

i ¼ 1

Xr

j ¼ 1

hihj _e
T ðtÞ½τ21R1þτ2mR2þdMR3�_eðtÞ

�
Z t�τm

t�τM

_eT ðsÞR1 _eðsÞ ds�τm
Z t

t�τm
_xT ðsÞR2 _xðsÞ ds

�
Z t

t�dM

_eT ðsÞR3 _eðsÞ ds

þ2
Xr

i ¼ 1

Xr

j ¼ 1

hihjζ
T ðtÞMij eðt�τmÞ�eðt�τðtÞÞ�

Zt� τm

t� τðtÞ

_eðsÞ ds

2
64

3
75

þ2
Xr

i ¼ 1

Xr

j ¼ 1

hihjζ
T ðtÞNij eðt�τðtÞÞ�eðt�τMÞ�

Zt� τðtÞ

t� τM

_eðsÞ ds

2
64

3
75

þ2
Xr

i ¼ 1

Xr

j ¼ 1

hihjζ
T ðtÞSij eðtÞ�eðt�dðtÞÞ�

Z t

t�dðtÞ
_eðsÞ ds

� �
ð28Þ

þ2
Xr

i ¼ 1

Xr

j ¼ 1

hihjζ
T ðtÞTij eðt�dðtÞÞ�eðt�dMÞ�

Z t�dðtÞ

t�dM

_eðsÞ ds
" #

þσMeT ðt�dðtÞÞHTCT
i ΦCiHeðt�dðtÞÞ

�eTk ðtÞΦekðtÞþ ~zT ðtÞ~zðtÞ�γ2ωT ðtÞωðtÞ

where Nij;Mij; Tij and Sij are matrices with appropriate dimensions,
and

ζT ðtÞ ¼ eT ðtÞ eT ðt�τmÞ eT ðt�τðtÞÞ eT ðt�τMÞ eT ðt�dðtÞÞ eT ðt�dMÞ eTk ðtÞ ωT ðtÞ
h i

MT
ij ¼ 0 MT

ij2 MT
ij3 0 0 0 0 0

h i
NT

ij ¼ 0 0 NT
ij3 NT

ij4 0 0 0 0
h i

STij ¼ STij1 0 0 0 STij5 0 0 0
h i

TT
ij ¼ 0 0 0 0 TT

ij5 TT
ij6 0 0

h i

Applying Lemma 1, we have that

�τm
Z t

t�τm
_eT ðsÞR2 _eðsÞ dsr

eðtÞ
eðt�τmÞ

" #T �R2 R2

R2 �R2

" #
eðtÞ

eðt�τmÞ

" #

ð29Þ
By using Lemma 2, we have that
�2ζT ðtÞMij

Z t�τm

t� τðtÞ
_eðsÞ ds

r
Z t� τm

t�τðtÞ
_eT ðsÞR1 _eðsÞ dsþðτðtÞ�τmÞζT ðtÞMijR

�1
1 MT

ijζðtÞ ð30Þ

�2ζT ðtÞNij

Z t� τðtÞ

t�τM

_eðsÞ ds

r
Z t� τðTÞ

t�τM

_eT ðsÞR1 _eðsÞ dsþðτM�τðtÞÞζT ðtÞNijR
�1
1 NT

ijζðtÞ ð31Þ

�2ζT ðtÞSij
Z t

t�dðtÞ
_eðsÞ ds

r
Z t

t�dðtÞ
_eT ðsÞR3 _eðsÞ dsþdðtÞζT ðtÞSijR�1

3 STijζðtÞ ð32Þ

�2ζT ðtÞTij

Z t�dðtÞ

t�dM

_eðsÞ ds

r
Z t�dðtÞ

t�dM

_eT ðsÞR3 _eðsÞ dsþðdM�dðtÞÞζT ðtÞTijR
�1
3 TT

ijζðtÞ ð33Þ

Combining the event triggered scheme (5) and (33)–(35), one can
obtain

_V ðtÞþ ~zT ðtÞ~zðtÞ�γ2ωT ðtÞωðtÞ

r2
Xr

i ¼ 1

Xr

j ¼ 1

hihj _e
T ðtÞPeðtÞþeT ðtÞðQ1þQ2þQ3ÞeðtÞ

�eT ðt�τmÞQ1eðt�τmÞ
�eT ðt�τMÞQ2eðt�τMÞ�eT ðt�dMÞQ3eðt�dMÞ

þ
Xr

i ¼ 1

Xr

j ¼ 1

hihj _e
T ðtÞ½τ21R1þτ2mR2þdMR3�_eðtÞ

þ
eðtÞ

eðt�τmÞ

" #T �R2 R2

R2 �R2

" #
eðtÞ

eðt�τmÞ

" #

þ2
Xr

i ¼ 1

Xr

j ¼ 1

hihjζ
T ðtÞMij½eðt�τmÞ�eðt�τðtÞÞ�

þ2
Xr

i ¼ 1

Xr

j ¼ 1

hihjζ
T ðtÞNij½eðt�τðtÞÞ�eðt�τMÞ�

þ2
Xr

i ¼ 1

Xr

j ¼ 1

hihjζ
T ðtÞSij½eðtÞ�eðt�dðtÞÞ�

þ2
Xr

i ¼ 1

Xr

j ¼ 1

hihjζ
T ðtÞTij½eðt�dðtÞÞ�eðt�dMÞ�

þσMeT ðt�dðtÞÞHTCT
i ΦCiHeðt�dðtÞÞ

�eTk ðtÞΦekðtÞþ ~zT ðtÞ~zðtÞ�γ2ωT ðtÞωðtÞ
þðτðtÞ�τmÞζT ðtÞMijR

�1
1 MT

ijζðtÞ
þðτM�τðtÞÞζT ðtÞNijR

�1
1 NT

ijζðtÞþdðtÞζT ðtÞSijR�1
3 STijζðtÞ

þðdM�dðtÞÞζT ðtÞTijR
�1
3 TT

ijζðtÞ

r
Xr

i ¼ 1

Xr

j ¼ 1

hihj ζT ðtÞΠ ij
11ζðtÞþ _eT ðtÞ τ21R1þτ2mR2þdMR3

� �
_eðtÞ

n
þ ~zT ðtÞ~zðtÞþðτðtÞ�τmÞζT ðtÞMijR

�1
1 MT

ijζðtÞ
þ τM�τðtÞð ÞζT ðtÞNijR

�1
1 NT

ijζðtÞþdðtÞζT ðtÞSijR�1
3 STijζðtÞ

þðdM�dðtÞÞζT ðtÞTijR
�1
3 TT

ijζðtÞ
o

ð34Þ

By using well-known Schur complement and Lemma 3, from (23),
one can easily see that

_V ðtÞrγ2ωT ðtÞωðtÞ� ~zT ðtÞ~zðtÞ ð35Þ
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The remaining part of the proof is similar to those in [19] and so
omitted here for simplicity. The proof is complete.□

In the following, based on analysis results in Theorem 1, we
give a method design the desired filter. The explicit expression of
the designed filter parameters are given in the following theorem.

Theorem 2. For some given constants 0rτmrτM ; dM, γ; ε1; ε2; ε3
and δM, systems (19) is exponentially mean-square stable (EMSS)
with a prescribed H1 performance γ under the adaptive event-
triggered scheme, if there exist P140; P340;Q 140;Q 24
0;Q 340;R140, R240;R340;Φ40;Afj;Bfj;C fj, and Mij40;Nij4
0; Sij40; T ij40 with appropriate dimensions so that the following
LMIs hold:

ΩijðsÞþΩjiðsÞo0; ir jAR ð36Þ
where

ΩijðsÞ ¼

Ωij
11 n n n

Ωij
21 � I n n

Ωij
31 0 Ωij

33 n

Ωij
41ðsÞ 0 0 Ωij

44

2
666664

3
777775o0; s¼ 1;2;3;4:

Ωij
11 ¼

Σ ij1 n n n n n n n

R2 Σ ij2 n n n n n n

Υ ij31 Mij3�M
T
ij2 Σ ij3 n n n n n

0 0 Nij4�N
T
ij3 Σ ij4 n n n n

Υ ij51þSij5�S
T
ij1 0 0 0 Σ ij5 n n n

0 0 0 0 T ij6�T
T
ij5 Σ ij6 n n

Υ ij71 0 0 0 0 0 �Φ n

Υ ij81 0 0 0 0 0 0 �γ2I

2
6666666666666666664

3
7777777777777777775

Σ ij1 ¼ Υ ij11þΥ T
ij11þSij1þS

T
ij1þQ 1þQ 2þQ 3�R2; Υ ij11 ¼

P1Ai Afj

P3Ai Afj

2
4

3
5

Σ ij2 ¼ �Q 1�R2þMij2þM
T
ij2; Σ ij3 ¼ �Mij3�M

T
ij3þNij3þN

T
ij3;

Σ ij4 ¼ �Nij4�N
T
ij4�Q 2

Σ ij5 ¼ �Sij5�S
T
ij5þT ij5þT

T
ij5þΥ ij55;

Σ ij6 ¼ �Q 3�T ij6�T
T
ij6; Υ ij55 ¼

δMC
T
i ΦCi 0
0 0

" #

Υ ij31 ¼
AT
diP1 AT

diP3

0 0

" #
; Υ ij51 ¼ CT

i B
T
fj CT

i B
T
fj

0 0

" #
;

Υ ij71 ¼ B
T
fj B

T
fj

h i
; Υ ij81 ¼ AT

ωiP1 AT
ωiP3

h i
Ωij

21 ¼ Υ ij91 0 0 0 0 0 0 0
h i

; Υ ij91 ¼ Li �Cfj

h i

Ωij
31 ¼

ffiffiffiffiffiffiffi
τ21

p
Υ ij11 0

ffiffiffiffiffiffiffi
τ21

p
Υ T

ij31 0
ffiffiffiffiffiffiffi
τ21

p
Υ T

ij51 0
ffiffiffiffiffiffiffi
τ21

p
Υ T

ij71
ffiffiffiffiffiffiffi
τ21

p
Υ T

ij81

τmΥ ij11 0 τmΥ
T
ij31 0 τmΥ

T
ij51 0 τmΥ

T
ij71 τmΥ

T
ij81ffiffiffiffiffiffiffi

dM
p

Υ ij11 0
ffiffiffiffiffiffiffi
dM

p
Υ T

ij31 0
ffiffiffiffiffiffiffi
dM

p
Υ T

ij51 0
ffiffiffiffiffiffiffi
dM

p
Υ T

ij71

ffiffiffiffiffiffiffi
dM

p
Υ T

ij81

2
6664

3
7775;

δM ¼max δðtÞ
Ωij

33 ¼ diagf�2ε1Pþε21R1; �2ε1Pþε21R2; �2ε1Pþε21R3g;

P ¼ P1 P3

P3 P3

" #
; Ωij

44 ¼ diagf�R1; �R3g

Π ij
41ð1Þ ¼

ffiffiffiffiffiffiffi
τ21

p
M

T
ijffiffiffiffiffiffiffi

dM
p

S
T
ij

2
64

3
75; Π ij

41ð2Þ ¼
ffiffiffiffiffiffiffi
τ21

p
M

T
ijffiffiffiffiffiffiffi

dM
p

T
T
ij

2
64

3
75;

Π ij
41ð3Þ ¼

ffiffiffiffiffiffiffi
τ21

p
N

T
ijffiffiffiffiffiffiffi

dM
p

T
T
ij

2
64

3
75; Π ij

41ð4Þ ¼
ffiffiffiffiffiffiffi
τ21

p
N

T
ijffiffiffiffiffiffiffi

dM
p

S
T
ij

2
64

3
75; τ21 ¼ τM�τm

M
T
ij ¼ 0 M

T
ij2 M

T
ij3 0 0 0 0 0

h i
;

N
T
ij ¼ 0 0 N

T
ij3 N

T
ij4 0 0 0 0

h i
S
T
ij ¼ S

T
ij1 0 0 0 S

T
ij5 0 0 0

h i
;

T
T
ij ¼ 0 0 0 0 T

T
ij5 T

T
ij6 0 0

h i

Furthermore, if the above conditions are feasible, the parameter
matrices of the filter can be obtained by

Afj ¼ AfjP
�1
3

Bfj ¼ Bfj

Cfj ¼ CfjP
�1
3

8>><
>>: ð37Þ

Proof. Due to

ðRk�ε�1PÞR�1
k ðRk�ε�1PÞZ0

we have

�PR�1
k Pr�2εPþε2Rk

Substituting �PR�1
k P with �2εPþε2Rk into (23), we obtain

Π
ijðsÞþΠ

jiðsÞo0; io jAR ð38Þ

Π
ijðsÞ ¼

Π ij
11 n n n

Π ij
21 � I n n

Π ij
31 0 Π

ij
33 n

Π ij
41ðsÞ 0 0 Π ij

44

2
6666664

3
7777775o0; s¼ 1;2;3;4: ð39Þ

where

Π
ij
33 ¼ diagf�2ε1Pþε21R1; �2ε1Pþε21R2; �2ε1Pþε21R3g

Since P340, there exist P2 and P340 satisfying P3 ¼ PT
2P

�1
3 P2. Let

the matrix P be partitioned as

P ¼ P1 PT
2

P2 P3

" #
;

where P140 and P340. Define the following invertible matrix:

J ¼
I 0
0 PT

2P
�1
3

" #

and Λ¼ diag J;…; J|fflffl{zfflffl}
6

; I; I; I; J;…; J|fflffl{zfflffl}
5

8<
:

9=
;, then, multiply (38) by Λ from

the left side and its transpose from the right side, respectively.
Define variables

Afj ¼ ÂfjP3; Âfj ¼ PT
2AfjP

�T
2

Bfj ¼ PT
2Bfj

C fj ¼ Ĉ fjP3; Ĉ fj ¼ CfjP
�T
2

8>><
>>: ð40Þ

Defining

P ¼ JPJT ¼ P1 P3

P3 P3

" #
;

Q k ¼ JQkJ
T ;Rk ¼ JRkJ

T ; ðk¼ 1;2;3ÞMijv1 ¼ JMijv1 J
T ;

Nijv2 ¼ JNijv2 J
T ; Sijv3 ¼ JSijv3 J

T ; T ijv4 ¼ JTijv4

JT ; ðv1 ¼ 2;3: v2 ¼ 3;4: v3 ¼ 1;5:v4 ¼ 5;6Þ:
Then, Eq. (23) is equivalent to Eq. (36) for s¼ 1;2;3;4, respectively.

Replacing the filter parameters ðAfj;Bfj;CfjÞ by ðP�T
2 ÂfjP

T
2; P

�T
2 Bfj;

Ĉ fjP
T
2Þ in (4), then, the filter (4) can be written as

_xf ðtÞ ¼ P�T
2 ÂfjP

T
2xf ðtÞþP�T

2 BfjŷðtÞ
zf ðtÞ ¼ Ĉ fjP

T
2xf ðtÞ

;

8<
: ð41Þ
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Fig. 4. Event-based release instants and release interval.
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Defining x̂ðtÞ ¼ PT
2xf ðtÞ, similar to the analysis of [19], combing (41),

we can get

x̂f ðtÞ ¼ Âfjx̂ðtÞþBfjŷðtÞ
zf ðtÞ ¼ Ĉ fjx̂ðtÞ

8<
: ð42Þ

Obviously, ðÂfj; B̂fj; Ĉ fjÞ can be chosen as the filter parameters and
guarantee the filtering error system (19) to be asymptotically stable
with an H1 disturbance attenuation level γ.

Then, from (40) and (42), we can obtain that the parameter
matrices of the filter are given by (37). This completes the proof.□
4. Numerical example

Consider the discussed T-S fuzzy system (19) with the following
parameters:

A1 ¼
�2:1 0:1
1 �1

� �
; A2 ¼

�2 0
�0:2 �1:1

� �
;

Ad1 ¼
�1 0:1
�0:8 �0:9

� �
; Ad2 ¼

�0:9 0
�1 �0:8

� �

Aω1 ¼
1

�0:2

� �
; Aω2 ¼

0:6
0:3

� �
; C1 ¼ 1 2

� �
; C2 ¼ 1 0:5

� �
L1 ¼ 0:5 �2

� �
; L2 ¼ �0:3 0:3

� �
wðtÞ ¼

1; 5rtr10
�1; 15rtr20
0; others

8><
>:

h1ðθðtÞÞ ¼ sin 2t; h2ðθðtÞÞ ¼ cos 2t

In the following, we will show the effectiveness of the adaptive
event-triggered scheme and co-design an H1 filter in the form of
(4) and the adaptive event-triggered communication (5).

Set τm ¼ 0:1, τM ¼ 0:4, dM ¼ 0:5, γ ¼ 1:2; ρ¼ 0:0092, δM ¼ 0:5,
by applying Theorem 2, we can obtain the corresponding trigger
matrix Φ¼ 3:0442, and the following desired filter parameters:

Af1 ¼
�30:8276 �4:6034
�2:7563 �27:4202

� �
;

Bf1 ¼
�0:6320
�0:4958

� �
; Cf1 ¼ 0:8001 0:6263

� �
Af2 ¼

�30:9176 �4:5640
�2:6688 �27:5706

� �
;

Bf2 ¼
�0:6113
�0:5294

� �
; Cf2 ¼ 0:6879 0:4471

� �
;

For the initial conditions xð0Þ ¼ ½1�1�; xf ð0Þ ¼ ½0:1; �0:1� and the
sampling period h¼ 0:05, the simulation result for the response of
eðtÞ is shown in Fig. 2, the response of filtering error ~zðtÞ is
depicted in Fig. 3 and the adaptive event triggering release
instants and intervals are shown in Fig. 4. The images of δðtÞ and d
are shown in Figs. 5 and 6. From the above simulation results, we
confirm that the adaptive event-triggered filtering scheme is
effective to reduce the communication load in the network and
the designed filter can also satisfy the system performance.
5. Conclusions

In this paper, we discuss an adaptive event-triggered H1 filter
problem for T-S fuzzy system with time delay. Considering unre-
liable communication networks and limited network resources, an
adaptive event triggered scheme is introduced to reduce the
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utilization of network bandwidth and gearing up its efficiency.
Moreover, employing the networkedT-S fuzzy model under the
adaptive event triggered scheme, the fundamental stability criteria
are obtained and a filter design method is developed. Finally,
numerical examples have been carried out to show the effective-
ness of the proposed method.
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