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Stabilization of Uncertain Parabolic PDE
Systems Under Weighted Try-Once-Discard

Protocol With Actuator Failures
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Abstract—This article investigates the output feedback
stabilization problem for a parabolic partial differential
equation (PDE) system with uncertain parameters, which
is subject to limited communication resources. First, to
alleviate the burden of channel communication and avert
data collision, the multichannel measurement outputs are
scheduled by the weighted try-once-discard protocol. More-
over, to bridge the gap between theory and reality, the
Markov process is utilized to depict the occurrence of var-
ious actuator faults in a stochastic manner. An impulsive
closed-loop model is established in light of the network-
induced delay and various stochastically occurring actua-
tor faults. Following the model, sufficient criteria for guar-
anteeing the input-to-state stability of the PDE system are
put forward by constructing a new Lyapunov functional.
Then, one can deduce the determination of the controller
gains and weighted matrices by employing the technique
of linearizing the matrix inequalities. Finally, simulation re-
sults unequivocally demonstrate the effectiveness of the
proposed method.

Index Terms—Markov jump actuator fault, partial differ-
ential equation (PDE), uncertain system, weighted try-once-
discard (WTOD) protocol.

I. INTRODUCTION

IN RECENT years, partial differential equations (PDEs) have
been extensively used to model the distributed parameter

systems (DPSs) [1], [2], owing to their advantages in describing
the spatiotemporal distribution characteristics in most modern
industrial processes, such as heat transfer, fluid dynamics, and
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electromagnetic fields. The infinite-dimensional nature of PDEs
presents significant challenges in the analysis and control of
DPSs. Various types of PDE systems are currently emerging as
research hotspots, including parabolic PDE systems [3], hyper-
bolic PDE systems [4], and elliptic PDE systems [5]. Moreover,
in industrial applications, we frequently encounter challenges
associated with uncertainty, typically resulting from errors in
input data, variations in boundary conditions, inaccuracies in
model parameters, and responses to external disturbances [6],
[7], [13]. This complicates accurate modeling and reliable pre-
diction of the behavior of PDE systems [9]. Therefore, it is
imperative to develop effective control strategies that ensure the
stability and robustness of parabolic PDE systems with uncertain
parameters.

In practical control systems, actuator faults can not be over-
looked, which may arise from mechanical wear, circuit malfunc-
tions, or external interference in practical scenarios. If an actua-
tor experiences the fault, it may fail to execute the corresponding
actions accurately according to the control commands, leading
to a decline in the functionality of the control system and an
inability to meet the expected control requirements. Hence, it is
crucial to develop effective fault-tolerant control (FTC) methods
to address actuator failures. Over the past few years, there has
been a noteworthy upswing in attention toward FTC [8], [10],
[11], [12]. For instance, the FTC problem of delayed PDE
systems under spatially point measurements is addressed in [11]
to handle the actuator failures. This study considers the impact
of both the loss of the original control signal and the presence of
fault signals. Li et al. [12] proposed the utilization of a smoothing
function-based compensation term to effectively mitigate the
influence caused by the actuator failures in a cascaded partial dif-
ferential equation (PDE)–ordinary differential equation (ODE)
system. Despite the significant advancements in FTC for PDE
systems, there is a dearth of research specifically addressing
output feedback FTC for parabolic PDE systems with uncertain
parameters.

In practical applications, as the complexity of controlled
objects continues to increase, there is a corresponding rise in the
volume of data that need to be transmitted between sensors and
remote controllers. Existing control strategies are mostly based
on the assumption of normal data transmission [3]. However,
in reality, network congestion, conflicts, and other issues stem-
ming from limited network bandwidth frequently arise, signifi-
cantly compromising the effectiveness of these control methods.

1941-0050 © 2025 IEEE. All rights reserved, including rights for text and data mining, and training of artificial intelligence and similar technologies.
Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html

for more information.

Authorized licensed use limited to: Nanjing University of Information Science and Technology. Downloaded on June 18,2025 at 03:40:05 UTC from IEEE Xplore.  Restrictions apply. 

https://orcid.org/0000-0001-5489-0246
https://orcid.org/0000-0003-0475-8866
https://orcid.org/0000-0002-8169-5347
mailto:003768@nuist.edu.cn
mailto:zhalijuan@njfu.edu.cn
mailto:1120220513@stu.nufe.edu.cn
mailto:teg@usst.edu.cn


5604 IEEE TRANSACTIONS ON INDUSTRIAL INFORMATICS, VOL. 21, NO. 7, JULY 2025

To mitigate the negative impact of bandwidth constraints on
controller performance, some researchers have utilized commu-
nication protocol scheduling for data transmission, including
the weighed try-once-discard (WTOD) protocol, random access
(RA) protocol, and round-robin (RR) protocol. The advantages
of RA protocol and RR protocol lie in their simplicity and the ca-
pability to provide relatively fair resource allocation. However,
they lack the capability to dynamically adjust data transmission
based on real-time system status. WTOD protocol [16], [17]
dynamically selects the data that need to be transmitted by
measuring the magnitude of sensor data changes. Under WTOD
protocol, the transmitted data of the sensor nodes are based on
“competition,” only one sensor nodes can have access to the net-
work, which mitigates network congestion effectively. WTOD
protocol has been adopted in many controller or filter design
problem. However, the majority of the the existing achievements
are based on discrete systems, which cannot be applied to the
continuous systems, not to mention the parabolic PDE systems.
Therefore, the utilization of WTOD protocol in continuous PDE
systems remains a novel and challenging research topic.

Inspired by the above content, this article focuses on a PDE-
based networked control system (NCS) with multiple channels,
utilizing the output feedback control method. First, the WTOD
scheduling scheme is employed to coordinate the priorities of
nodes access to the network. Then, considering network-induced
delays and actuator failures, a pulse-closed-loop model of the
PDE-based NCS is established. Sufficient conditions are ob-
tained to ensure the stability of the pulse system. The novelties
of this article can be categorized as threefold.

1) In previous scholarly works, PDE systems typically
employ control strategies, such as sampled measure-
ment [18], quantized transmission [19], [20], and piece-
wise control [21] to mitigate transmission and control
costs. To further optimize the control strategy, WTOD
protocol is incorporated into schedule nodes.

2) The mode switching of actuator failures affected by their
own faults and external disturbance signals is modeled as
a Markov process, which can demonstrate the stochastic
nature of actuator failures in contrast to conventional
ones [22], thereby highlighting their inherent random-
ness.

3) Although WTOD protocol has been adopted in some
publications, most of the results are developed for discrete
systems. Besides, the current achievements in FTC for
PDE systems with actuator failures suppose the network
resources are abundant and network congestion is not
taken into account, which have limitations. In this article,
we first investigate the FTC control for the PDE system
with WTOD protocol and actuator faults.

Notations:Rn andRn×m denote then-dimensional Euclidean
space and n×m-dimensional matrix. diag{. . . } and col{. . . }
means the block-diagonal matrix and block-column vector, re-
spectively. Matrix P > 0 means that P is a positive definite
symmetric matrix and symbol ∗ refers to the symmetric terms
in a symmetric matrix. xT is the transpose of the matrix x and
x−1 represents the inverse of x. λmin(Pm) denotes the minimum
eigenvalue of matrix Pm. | · | represents the euclidean norm

Fig. 1. Framework of uncertain PDE system under WTOD protocols.

of a vector. For simplicity, we define z(x, t) � z, y(x, t) � y,

e(x, t) � e(t), zt � ∂z(x,t)
∂t , zxx � ∂2z(x,t)

∂x2 , y(x, ·) � y(·), and
�y(x, ·) � �y(·).

II. PROBLEM FORMULATION

A. Plant and Sampler

As illustrated in Fig. 1, consider the uncertain linear parabolic
PDE system as follows:{

zt = zxx + (A+ΔA)z +Buf (x, t)
y = Cz

(1)

with the Neumann boundary conditions

zx(l1, t) = 0, zx(l2, t) = 0 (2)

and the initial condition

z(x, 0) = z0(x) (3)

where z(x, t) ∈ R
nz is the state vector; x ∈ [l1, l2] and t rep-

resent spatial position and time, respectively; uf (x, t) ∈ R
nu

is the control input signal influenced by stochastic actuator
failure, and y(x, t) = [yT1 (x, t), . . . , y

T
N (x, t)]T ∈ R

ny is the
measurement output. A, B, C = [CT

1 , . . . , CT
N ]T are constant

matrices with appropriate dimensions.ΔA is an uncertain matrix
satisfying ΔA = HF (x, t)E, in which H , F (x, t), and E are
known matrices with the limitation of F (x, t)TF (x, t) ≤ I .

Denote sk as sampling instant,k ∈ Z,Z = {0, 1, 2, . . .}, s0 =
0. It is assumed that the upper bound of the sampling interval is
v, that is sk+1 − sk ≤ v.

B. Time Delay and WTOD Protocol

In this article, we presume that there is a delay in transmitting
the measurement output from the sampler to the controller. Con-
sidering that different channels operate in varied environments,
ησk
i ∈ [η̃m, η̃M ] is introduced to represent the time-varying time

delay of channel i at sampling time sk.
To alleviate network congestion and conflicts, it is stipulated

that only one channel is permitted to transmit data at each sam-
pling instant. The active node at instant sk is denoted by σk, thus
we have tk = sk + ησk

i . To put it differently, at sampling instant
sk, channel σk can send updated output information yi(x, sk)
and other channels will be in a dormant state. As compensation,
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the controller will adopt the previous measurement output

�y (x, sk) =

{
yi (x, sk) , i = σk

�yi (x, sk−1) , i �= σk.
(4)

Define the scheduling error

ei(t) = �yi (x, sk−1)− yi (x, sk) , t ∈ [tk, tk+1) (5)

where e(t) = col{e1, . . . , eN}T ∈ R
ny , �y(s−1) � 0.

Given the influence of communication network bandwidth,
WTOD protocol [23] is employed to select active node for t ∈
[tk, tk+1)

σk = min arg max
i=1,2,...,N

eTi (t)Qiei(t) (6)

where Qi are weighted matrices to be determined later.
Remark 1: This article introduces the WTOD protocol for

scheduling signal transmission between sensors and remote
controller. At each sampling instant, the WTOD protocol deter-
mines which sensor nodes should transmit their data, taking into
account the assigned weights and the current network conditions.
This ensures that critical or high-priority data are prioritized for
transmission, while less important or redundant data may be
deferred to conserve resources.

C. Controller and Actuators With Stochastic Failure

Based on the measurement output received by the controller,
we design the controller as follows:

u(x, t) = K�y (x, sk) , t ∈ [tk, tk+1) (7)

where K = [K1,K2, . . . ,KN ] represents the controller gain to
be determined later.

Taking into account the practical scenario where actuators
may experience malfunctions and random failures, u(x, t) is
updated to the following form:

uf (x, t) = F (β(t))u(x, t) + L(β(t))v(x, t) (8)

where F (β(t)) ∈ [0, 1], L(β(t)) ∈ {0, 1} represents the sever-
ity of fault, v(x, t) ∈ R

nu is randomly generated fault signal,
satisfying ∫ t

0

∫ l2

l1

vT (x, t)v(x, t)dxdt ≤ J2 (9)

and β(t) ∈ {1, 2, . . .,M} indicates that there are M types of
failure conditions. Assume the value of β(t) is determined by
a continuous homogeneous Markov process with the following
transition rate:

Pr{β(t+Δt) = n | β(t) = m}

=

{
πmnΔt+ o(Δt), m �= n

1 + πmmΔt+ o(Δt), m = n
(10)

where Δt > 0, limΔt→0[o(Δt)/Δt] = 0, πmn ≥ 0(m �= n),
and
∑M

n=1 πmn = 0,m ∈ {1, 2, . . .,M}. Denote the transition
rate matrix as Π � [πmn]M×M .

With the purpose of simplifying the derivation, F (β(t) = m)
and L(β(t) = m) are simplified to Fm and Lm, respectively.

Remark 2: The construction of M fault modes is based on
Markov processes. The failure model utilized in this article
considers both the inherent failures of the actuator and the
influence of external error signals on the actuator. By setting
different transition matrices, various types of faults can be
flexibly reflected. The stochasticity and uncertainty of Markov
processes align with the random nature of the fault occurrences
in practical systems.

Remark 3: The randomly occurring actuator faults are rep-
resented as a fault model based on a Markov jump process.
Employing different parameters to denote the occurrence of
different failure cases. For example, whenFm = 1 andHm = 0,
it indicates that the actuator is functioning normally; Fm = 0
and Hm = 1 represent a stuck fault. 0 < Fm < 1 and Hm = 0
signify the partial failure of the actuator. Fm = 0 and Hm = 0
denote an interrupted fault. Finally, when Fm = 1 and Hm = 1,
it indicates a biased fault.

Considering the random failures, the controller gain cor-
responding to the mth fault mode is designed as K =
[K1m,K2m, . . . ,KNm].

D. Impulsive Model and Problem Description

By the definition of scheduling error in (5), we have

ei (x, tk+1)

=

{
Ci (z (x, sk)− z (x, sk+1)) , i = σk

ei (x, tk) + Ci (z (x, sk)− z (x, sk+1)) , i �= σk

(11)

and (4) can be reformulated as

�y (x, sk) =

{
Ciz (x, sk) , i = σk

ei (x, tk) + Ciz (x, sk) , i �= σk.
(12)

Substitute (12) into (8)

uf (x, t) = F (β(t))K�y (x, sk) + L(β(t))v(x, t)

= F (β(t))K

(
Cz (x, sk) +

N∑
i=1,i�=σk

Iiei(x, t)

)

+ L(β(t))v(x, t) (13)

where Ii = col{0, . . . , 0︸ ︷︷ ︸
i−1

, I, 0, . . . , 0︸ ︷︷ ︸
N−i

}.

Define τ(t) = t− sk, t ∈ [tk, tk+1). Considering sk+1 −
sk ≤ v and ησk

i ∈ [η̃m, η̃M ], one can get η̃m ≤ t− sk ≤ v +
η̃M . Denotev + η̃M � τM , we can get an upper and lower bound
on τ(t), that is, η̃m ≤ τ(t) ≤ τM .

Then, the close-loop PDE system can be obtained by

zt = zxx + (A+ΔA)z +BF (β(t))KCz(x, t− τ(t))

+BF (β(t))K

N∑
i=1,i�=σk

Iiei(x, t) +BL(β(t))v(x, t). (14)

Definition 1: The PDE system (14) is said to be input-to-state
stability (ISS) if there exist constants b > 0 and κ > 0 such that
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for t ≥ t0 the following:

|z(x, t)|2 ≤ be−κ(t−t0)
[
|z(x, t0)|2 + |e (x, t0)|2

]
(15)

|e(x, t)|2 ≤ be−κ(t−t0)
[
|z(x, t0)|2 + |e (x, t0)|2

]
(16)

holds for the solutions of the PDE system initialized with zt0 =
z(x, t0) and e(x, t0).

This article aims to deduce sufficient conditions for the ISS
of the uncertain PDE system under time delay, WTOD protocol,
and actuator failure. Then, the controller gain is calculated in
accordance with the sufficiency condition.

To develop the main results, several necessary lemmas are
listed.

Lemma 1 ([24]): For any constant symmetric matrix Q ∈
R

m×m, scalar λ > 0, vector function ω : [0, λ] → R
m such that

the integration concerned are well defined, then

λ

∫ λ

0
ω(α)Qω(α)dα ≥

(∫ λ

0
ω(α)dα

)T

Q

(∫ λ

0
ω(α)dα

)
.

Lemma 2 ([19]): Given a positive matrix R, scalars ν1 <
ν2, the continuous function ω ∈ [ν1, ν2] → R

n, the following
inequality holds:∫ ν2

ν1

ω(u)Rω(u)du ≥ 1
ν2 − ν1

ΛTRΛ +
3

ν2 − ν1
ΨTRΨ

(17)
where Ψ =

∫ ν2

ν1
ω(s)ds− 2

ν2−ν1

∫ ν2

ν1

∫ s

ν1
ω(r)drds and Λ =∫ ν2

ν1
ω(u)du.

III. MAIN RESULTS

In this section, sufficient conditions will be derived by the
utilization of Lyapunov functional approach, involving uncertain
system parameters and actuator failures. The designed controller
gain will be determined to guarantee the ISS of the system (14).

For system (14), similar to [14], consider the following Lya-
punov function:

E {Ve(t)} = E {V (t) + VQ(t)} , t ∈ [tk, tk+1) (18)

where

V (t) = Ṽ (t) + VG(t), VQ(t) =

∫
Ω

N∑
i=1

eTi (x, t)Qiei(x, t)dx

Ṽ (t) =

∫
Ω

zT (x, t)Pmz(x, t)dx

+

∫
Ω

∫ t

t−η̃m

λzT (x,�)S0z(x,�)d�dx

+

∫
Ω

∫ t−η̃m

t−τM

λzT (x,�)S1z(x,�)d�dx

+

∫
Ω

∫ t

t−η̃m

∫ t

θ

λη̃mżT	(x,�)R0ż	(x,�)d�dθdx

+

∫
Ω

∫ t−η̃m

t−τM

∫ t

θ

λεżT	(x,�)R1ż	(x,�)d�dθdx

+

∫
Ω

zTx (x, t)Zzx(x, t)dx

VG(t) =

∫
Ω

N∑
i=1

∫ t

sk

λεżT	(x,�)CT
i GiCiż	(x,�)d�dx

λ � e2α(	−t), ε � τM − η̃m, α > 0, Pm > 0, Gi > 0, Qi >
0, Sj > 0, Rj > 0, i = 1, . . . , N , m = 1, . . . ,M , and j = 1, 2.

To derive the sufficient stabilization criterion for the ISS of
system (14), the following lemma is introduced.

Lemma 3 ([15]): Suppose that there exist constants α > 0
and γ̃ > 0, matricesQi, Ui, Gi > 0, i = 1, . . ., N andVe(t), t ∈
[tk, tk+1) such that along (14) the following inequality:

E

{
V̇e(t) + 2αVe(t)−

∫
Ω

γ̃2vT (x, t)v(x, t)dx

− 1
ε

∫
Ω

N∑
i=1,i�=σk

eTi (x, t)Uiei(x, t)dx

−
∫
Ω

2αeTσk
(x, t)Qσk

eσk
(x, t)dx

}
≤ 0 (19)

holds. Assume additionally that for i = 1, . . . , N

Ωi =

[
Ui − 1−2αε

N−1 Qi ∗
Qi −Gie

−2ατM +Qi

]
< 0. (20)

Then

E

{
Ve(x, tk+1) +

∫
Ω

2αεeTσk
(x, t)Qσk

eσk
(x, t)dx

− Ve(t
−
k+1) +

∫
Ω

N∑
i=1,i�=σk

eTi (x, t)Uiei(x, t)dx

}
≤ 0 (21)

holds. Moreover, one can get the following bounds for the
solutions of (14) initialized by z(t0) ∈ [t0 − τm, t0]:

E {V (t)} ≤ e−2α(t−t0)E {Ve(t0)}+ γ̃2

2α
J2, t ≥ t0 (22)

E {Ve(t0)} = V (t0) +

∫
Ω

N∑
i=1

eTi (x, t0)Qiei(x, t0)dx (23)

∫
Ω

N∑
i=1

eTi (x, t)Qiei(x, t)dx

≤ γ̃2

2α
J2 + b̃e−2α(t−t0)E {Ve(t0)} (24)

where b̃ = e2αε, implying the ISS of system (14).
Proof: See appendix A.
Theorem 1: For the given scalars τM > η̃m ≥ 0, α > 0, δ >

0, and γ > 0, the uncertain PDE system (14) is said to be ISS, if
there exist matrices Qi > 0, Pm > 0, Sj > 0, Rj > 0, Z > 0,
Gi > 0, and Ui > 0 and Kim of appropriate dimensions, such
that (20) combined with the following inequality is feasible for
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i = 1, . . . , N , m = 1, . . . ,M , and j = 1, 2 :

Ξ =

⎡
⎢⎢⎢⎢⎢⎢⎣

Ξ11 ∗ ∗ ∗ ∗ ∗
Ξ21 Ξ22 ∗ ∗ ∗ ∗
Ξ31 Ξ32 Ξ33 ∗ ∗ ∗
0 0 Ξ43 Ξ44 ∗ ∗
Ξ51 0 0 0 Ξ55 ∗
Ξ61 0 Ξ63 0 0 Ξ66

⎤
⎥⎥⎥⎥⎥⎥⎦ < 0 (25)

where

Ξ11 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

Θ11 ∗ ∗ ∗ ∗ ∗ ∗
Θ21 Θ22 ∗ ∗ ∗ ∗ ∗
Θ31 Θ32 Θ33 ∗ ∗ ∗ ∗

0 0 Θ43 Θ44 ∗ ∗ ∗
Θ51 Θ52 0 0 Θ55 ∗ ∗

0 Θ62 Θ63 0 0 Θ66 ∗
0 0 Θ73 Θ74 0 0 Θ77

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Θ11 = S0 − 4e−2αη̃mR0 + 2αPm +

M∑
n=1

πmnPn

+ δ
(
ZA+ATZ

)
, Θ21 = −2e−2αη̃mR0

Θ22 = e−2αη̃m (S1 − S0 − 4R0)− 4e−2ατmR1

Θ31 =

N∑
i=1

(δZBFmKimCi)
T , Θ32 = −2e−2ατMR1

Θ33 = − 8e−2ατMR1, Θ66 = Θ77 = −12e−2ατMR1

Θ43 = − 2e−2ατMR1, Θ44 = −e−2ατM (S1 + 4R1)

Θ51 = Θ52 = 6e−2αη̃mR0, Θ55 = −12e−2αη̃mR0

Θ62 = Θ63 = Θ73 = Θ74 = 6e−2ατMR1

γi =
[
(δZBFmKimCi)

T 0 0 0 0 0 0
]

Ξ21 =

⎧⎪⎪⎨
⎪⎪⎩
[
γT

2 , . . ., γT
N

]T
, σk = 1[

γT
1 , . . ., γT

σk−1
, γT

σk+1
, . . ., γT

N

]T
, σk �= 1, N[

γT
1 , . . ., γT

N−1

]T
, σk = N

κi = 2αCT
i QiCi − 1

ε
CT

i UiCi

Ξ22 =

⎧⎪⎨
⎪⎩

diag{κ1, . . .,κN}, σk = 1

diag{κ1, . . .,κσk−1 ,κσk+1 , . . .,κσN
}, σk �= 1, N

diag{κ1, . . .κN−1}, σk = N

Ξ31 =

[
0 0 0 0 0 0 0

Ξ311 0 Ξ312 0 0 0 0

]

Ξ311 = Pm − δZ + ZA, Ξ312 =
N∑
i=1

ZBFmKimCi

ιi =
[
0 (ZBFmKimCi)

T
]T

Ξ32 =

⎧⎪⎪⎨
⎪⎪⎩
[
ιT2 , . . ., ι

T
N

]T
, σk = 1[

ιT1 , . . ., ι
T
σk−1

, ιTσk+1
, . . ., ιTN

]T
, σk �= 1, N[

ιT1 , . . ., ι
T
N−1

]T
, σk = N

Ξ33 = diag{2(α− δ)Z,Ξ331}
Ξ331 = η̃2

mS0 − 2Z + (τm − η̃m)2 S1

+

N∑
i=1

(τM − η̃m)CT
i GiCi

Ξ43 =

[
0 HTZ
0 γE

]
, Ξ44 = diag{−γI,−γI}

Ξ51 =

[
δHTZ 0 0 0 0 0 0
γδE 0 0 0 0 0 0

]
,

Ξ55 = diag{−γδI,−γδI}
Ξ61 =

[
δLmBTZ 0 0 0 0 0 0

]
Ξ63 =

[
0 LmBTZ

]
, Ξ66 = −I.

Proof: See Appendix B for the detailed proofs.
Based on Theorem 1, a scheme to design on the security

controller gains is provided in Theorem 2.
Theorem 2: For the given scalars τM > η̃m ≥ 0, α > 0,

δ > 0, and γ > 0, the controller gains of uncertain PDE system
(14) can be determined by Kim = YimΦ−1

i and the weighted
matrices Qi = (CiC

T
i )

−1CiX
−1Q̃iX

−1CT
i (CiC

T
i )

−1, if there
exists scalarsγ > 0 and matricesX > 0, P̃m > 0, S̃j > 0, R̃j >

0, G̃i > 0, Q̃i > 0, Ũi > 0, Yim, and Φi, for i = 1, . . . , N ,
m = 1, . . . ,M , j = 1, 2, such that

Ξ̃ =

⎡
⎢⎢⎢⎢⎢⎢⎣

Ξ̃11 ∗ ∗ ∗ ∗ ∗
Ξ̃21 Ξ̃22 ∗ ∗ ∗ ∗
Ξ̃31 Ξ̃32 Ξ̃33 ∗ ∗ ∗
0 0 Ξ̃43 Ξ44 ∗ ∗
Ξ̃51 0 0 0 Ξ55 ∗
Ξ̃61 0 Ξ̃63 0 0 Ξ66

⎤
⎥⎥⎥⎥⎥⎥⎦ < 0 (26)

CiX = ΦiCi (27)

where

Ξ̃11 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Θ̃11 ∗ ∗ ∗ ∗ ∗ ∗
Θ̃21 Θ̃22 ∗ ∗ ∗ ∗ ∗
Θ̃31 Θ̃32 Θ̃33 ∗ ∗ ∗ ∗

0 0 Θ̃43 Θ̃44 ∗ ∗ ∗
Θ̃51 Θ̃51 0 0 Θ̃55 ∗ ∗

0 Θ̃62 Θ̃63 0 0 Θ̃66 ∗
0 0 Θ̃73 Θ̃74 0 0 Θ̃77

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Θ̃11 = S̃0 − 4e−2αη̃mR̃0 + 2αP̃m +
M∑
n=1

πmnP̃n

+ δ
(
AX +XAT

)
, Θ̃21 = −2e−2αη̃mR̃0
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Θ̃22 = e−2αη̃m

(
S̃1 − S̃0 − 4R̃0

)
− 4e−2ατmR̃1

Θ̃31 =
N∑
i=1

(δBFmYimCi)
T , Θ̃32 = −2e−2ατM R̃1

Θ̃33 = − 8e−2ατM R̃1, Θ̃66 = Θ̃77 = −12e−2ατM R̃1

Θ̃43 = − 2e−2ατM R̃1, Θ̃44 = −e−2ατM (S̃1 + 4R̃1)

Θ̃51 = Θ̃52 = 6e−2αη̃mR̃0, Θ̃55 = −12e−2αη̃mR̃0

Θ̃62 = Θ̃63 = Θ̃73 = Θ̃74 = 6e−2ατM R̃1

γ̃i =
[
(δBFmYimCi)

T 0 0 0 0 0 0
]

Ξ̃21 =

⎧⎪⎪⎨
⎪⎪⎩
[
γ̃T

2 , . . ., γ̃T
N

]T
, σk = 1[

γ̃T
1 , . . ., γ̃T

σk−1
, γ̃T

σk+1
, . . ., γ̃T

N

]T
, σk �= 1, N[

γ̃T
1 , . . ., γ̃T

N−1

]T
, σk = N

κ̃i = 2αQ̃i − 1
ε
Ũi, ι̃i =

[
0 (BFmYimCi)

T
]T

Ξ̃22 =

⎧⎪⎨
⎪⎩

diag{κ̃1, . . ., κ̃N}, σk = 1

diag{κ̃1, . . ., κ̃σk−1 , κ̃σk+1 , . . ., κ̃σN
}, σk �= 1, N

diag{κ̃1, . . .κ̃N−1}, σk = N

Ξ̃31 =

[
0 0 0 0 0 0 0

Ξ̃311 0 Ξ̃312 0 0 0 0

]
,

Ξ̃311 = P̃m − δX +AX, Ξ̃312 =

N∑
i=1

BFmYimCi,

Ξ̃32 =

⎧⎪⎪⎨
⎪⎪⎩
[
ι̃T2 , . . ., ι̃

T
N

]T
, σk = 1[

ι̃T1 , . . ., ι̃
T
σk−1

, ι̃Tσk+1
, . . ., ι̃TN

]T
, σk �= 1, N[

ι̃T1 , . . ., ι̃
T
N−1

]T
, σk = N

Ξ̃33 = diag{2(α− δ)X, Ξ̃331},
Ξ̃331 = η̃2

mS̃0 − 2X + (τm − η̃m)2 S̃1

+
N∑
i=1

(τM − η̃m)CT
i G̃iCi, Ξ̃43 =

[
0 HT

0 γEX

]

Ξ̃51 =

[
δHT 0 0 0 0 0 0
γδEX 0 0 0 0 0 0

]
Ξ̃61 =

[
δLmBT 0 0 0 0 0 0

]
Ξ̃63 =

[
0 LmBT

]
, Ξ66 = −I.

Proof: Define X = Z−1, P̃m = XPmX , S̃j = XSjX ,
R̃j = XRjX , G̃i = XΦT

i GiΦiX , Q̃i = XCT
i QiCiX , Ũi =

XCT
i UiCiX , and Yim = KimΦi. Premultiplying and postmul-

tiplying (25) with diag{X,X,X,X,X,X,X,X, I,X, I, I, I}
and their transposes and combining (27), we have (26). Obvi-
ously, (25) is a sufficient condition to guarantee (26) holds. Then,
the value ofYim can be determined by solving (26). Furthermore,
we can get controller gains Kim = YimΦ−1

i and weighted ma-
trices Qi = (CiC

T
i )

−1CiX
−1Q̃iX

−1CT
i (CiC

T
i )

−1.

Remark 4: In practical systems, such as industrial control,
remote healthcare, and intelligent transportation, data transmis-
sion may encounter constraints. Therefore, the WTOD protocol
for scheduling data transmission is utilized to prevent data
collisions in this article. Note that, the system stability can be
affected by WTOD protocol, system-related parameters, noise
information, as well as actuator faults, these factors have been
reflected in Theorems 1 and 2.

Remark 5: From Theorem 2, the feasibility of the linear
matrix inequalities (LMIs) is related to the parameters τM , η̃m,
α, δ, and γ. In general, the complexity of the linear matrix
inequality (LMI) computations is polynomial time bounded by
O(RN 3 log(C/ϑ)), where R is the total row size of the LMIs,
N is the number of scalar decision variables, C is the scaling
factor, and ϑ is the relative accuracy set for the algorithm.
Here, we assume that the system dimension is n and that the
involved variable dimensions can be determined by Qi, Pm,
Sj , Rj , Z, Gi, Ui, and Yim. Then, for Theorem 2, R = 18n
and N = 3n2 + 3n. Thus, the computational complexity of
Theorem 3 can be expressed as O(n7), which polynomially
depends on the size of the PDE system. In addition, to reduce
the conservatism of the proposed controller design method, it
is effective to obtain the largest possible η̃m and the smallest
possible τM based on the network transmission conditions in
practical scenarios, while ensuring feasibility of the LMIs.

IV. SIMULATION EXAMPLE

In this section, a practical example of boiler tube in the power
plant is employed to validate the effectiveness of the designed
control method. Temperature stability of the boiler tube is crucial
for the safe operation of the power plant. Therefore, effective
control of the tube wall temperature by the cooling medium at
the top or bottom of the tube is essential to prevent overheating,
carrying significant importance. Given the small diameter of
the cylindrical slender boiler tube where heat transfer occurs
predominantly radially, and considering the random factors in
the environment, the temperature distribution of the tube can
be abstracted into the following metal rod heat conduction
model:

∂ϕ(x, t)

∂t
= D

∂2ϕ(x, t)

∂x2
+ (A+ΔA)ϕ(x, t) +Buf (x, t)

where ϕ(x, t) is the temperature distribution of the metal rod;
D = k/ρCi is the thermal diffusivity determined by density
ρ, specific heat Ci, and thermal conductivity coefficient k; A
denotes internal temperature effects; ΔA represents uncertain
environmental factors.

The parameters of the coefficient matrix are chosen as A =
−0.72, B = 0.24, C = [0.85 0.73 0.94]T , and D = I . In the
first actuator failure mode, F1 = 1, L1 = 0.12, and in the other
mode, F2 = 1, L2 = 0.15. The switching time between m = 2
fault modes is determined by a Markov process, with the tran-

sition probability matrix Π1 =

[
−3.4 3.4

2.0 −2.0

]
.

In this article, we assume that the variable x takes val-
ues from 0 to 1. Discretizing variable x into 11 points,
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Fig. 2. State responses of the closed-loop system.

Fig. 3. State responses of the open-loop system.

that is x ∈ {0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1}. Set-
ting η̃m = 0.02, τM = 0.2, α = 0, δ = 0.98, γ = 0.81, accord-
ing to Theorem 3, using the LMI toolbox, we can derive the
controller gains

K11 = −0.0033, K21 = −0.0038, K31 = −0.0063

K12 = −0.0039, K22 = −0.0045, K32 = −0.0068

and weighted matrices

Q1 = 1.1958, Q2 = 1.6212, Q3 = 0.7788.

Fig. 2 shows the state response of the tube temperature with the
designed control method in this article. The state responses of
the open-loop system without control is depicted in Fig. 3. It
proves the effectiveness of the controller designed in this article
validated, which implies that the system is stable with respect to
state ϕ(x, t). Fig. 2 presents the state values of the system, from
which it can be seen that the system state gradually approaches
zero.

Fault occurrence and the switching of fault modes are dis-
played in Fig. 4. Fig. 5 illustrates the active nodes of transmission
measurement data selected through the WTOD protocol. The
scheduling of measurement data depend not only on the real-
time transmission requirements of these sensor nodes but also on
occurrences of actuator failures. Measurement data significantly

Fig. 4. Fault occurrence and fault mode β(t) switching.

Fig. 5. Active node switching under the WTOD protocol.

TABLE I
DIFFERENT TIME DELAY BOUNDS η̃m AND τM

TABLE II
MEAN AND VARIANCE OF SYSTEM TEMPERATURE UNDER DIFFERENT

TRANSITION PROBABILITY MATRIX

affected by actuator failures will be prioritized for transmission
via the WTOD protocol.

Table I provides the values of different time delay bounds η̃m
and τM , used in the simulation experiments. While maintaining
stable temperature control, the maximum tolerable delay is
found to be 1.2105. This value represents the upper bound for
τM that ensures the system can still effectively stabilize the
temperature within the desired range.

In this simulation, we investigate the impact of stochastic
elements on the system state by examining the mean and variance
of the temperature under different transition probability matri-
ces. The results, presented in Table II, are based on simulations
conducted using various Markov transition matricesΠ1,Π2, and
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Π3 with Π2 =

[
−2.1 2.1

1.4 −1.4

]
and Π3 =

[
−1.3 1.3

1.6 −1.6

]
. The

simulation results presented in Table II are based on multiple
Monte Carlo runs, where the temperature mean and variance
are computed over several trials. Table II validates the effective
control of the system temperature under different transition
matrices, demonstrating the control performance to maintain
stable temperature despite the inherent randomness in the fault
mode transitions. The above simulation results validate the
effectiveness of the designed control strategy in tube temperature
control.

V. CONCLUSION

This article investigates the stability control problem of un-
certain PDE systems under imperfect network conditions. The
WTOD protocol is selected to schedule the node transmissions in
order to avoid collisions caused by multiple channels. A Markov
process is used to simulate the switching of different fault modes
in the actuators. The weight matrix of the scheduling protocol
and the controller gains are derived by solving linear matrix
inequalities. Future work can focus on the stability control
problem of PDE systems under network attacks and multipacket
transmission.

APPENDIX A PROOF OF LEMMA 3

Note that,
∫ t

tk
e−2α(t−	)d� ≤ ε and ėi(t) = 0, t ∈ [tk, tk+1),

from (19), one can get

E {Ve(t)} ≤ E

⎧⎨
⎩e−2α(t−tk)Ve(tk) +

∫
Ω

N∑
i=1,i�=σk

eTi (x, tk)Ui

×ei(x, tk)dx+

∫
Ω

2αεeTσk
(x, tk)Qσk

eσk
(x, tk)dx+

γ̃2J2

2α

⎫⎬
⎭ .

(28)

Thus, we can derive from (21) and (28) that

E

{
Ṽ (t) + VG(t)

}
≤ e−2α(t−tk)E {Ve(tk)}+ γ̃2J2

2α
. (29)

DenoteE{Ve(tk+1) + 2αε
∫
Ω eTσk

(x, tk)Qσk
eσk

(x, tk)dx−
Ve(t

−
k+1) +

∫
Ω

∑N
i=1,i�=σk

eTi (x, tk)Uiei(x, tk)dx} as Θ.
Since V (tk+1) = V (t−k+1) and e(x, t−k+1) = e(x, tk), Θ can

be rewritten as

Θ =

∫
Ω

N∑
i=1

∣∣∣√Qiei(x, tk+1)
∣∣∣2 − N∑

i=1

∣∣∣√Qiei(x, tk)
∣∣∣2 dx

+ 2αε
∫
Ω

∣∣∣√Qσk
eσk

(x, tk)
∣∣∣2 dx+ VG(tk+1)

+

∫
Ω

N∑
i=1,i �=σk

∣∣∣√Uiei(x, tk)
∣∣∣2 dx− VG(t

−
k+1). (30)

It is clear that

E
{
VG(tk+1) − VG(t

−
k+1)

}

=

∫
Ω

−
N∑
i=1

∫ sk+1

sk

λ1ε
∣∣∣√GiCiż	(x,�)

∣∣∣2 d�dx (31)

where λ1 � e2α(	−tk+1). Then, taking
∫ sk+1

sk
λ1d� ≥ e−2ατM

into account, based on Lemma 1, we find

E
{
VG(tk+1) − VG(t

−
k+1)

}
≤
∫
Ω

−
N∑
i=1

e−2ατM
∣∣∣√GiCi[z(x, sk)− z(x, sk+1)]

∣∣∣2 dx.
(32)

Substitute (32) into (30)

Θ ≤
∫
Ω

N∑
i=1

∣∣∣√Qiei(x, tk+1)
∣∣∣2 − N∑

i=1

∣∣∣√Qiei(x, tk)
∣∣∣2 dx

+ 2αε
∫
Ω

∣∣∣√Qσk
eσk

(x, tk)
∣∣∣2 + N∑

i=1,i�=σk

∣∣∣√Uiei(x, tk)
∣∣∣2 dx

−
N∑
i=1

e−2ατM
∣∣∣√GiCi[z(x, sk)− z(x, sk+1)]

∣∣∣2 dx. (33)

It can be deduced from (11) and (33) that

Θ ≤
∫
Ω

N∑
i=1,i�=σk

ζTi Ωiζidx ≤ 0 (34)

where ζi = col{ei(x, tk), Ci(z(x, sk)− z(x, sk+1))}.
According to the functional expression (29), we can obtain

E {Ve(t)} ≤ e−2α(t−t0)E {Ve(t0)} (35)∫
Ω

λmin(Pm)dx ≤ E {Ve(t)} (36)

then the inequality (22) holds.
Moreover, similar to [15], we can get that (35) yields (24)

easily.

APPENDIX B PROOF OF THEOREM 1

Define ēi = z(x, sk)− z(x, sk+1), ξ(t, x) � col{z(x, t)
z(x, t− η̃m) z(x, t− τ(t)) z(x, t− τM ) 1

η̃m

∫ t

t−η̃m
z(x,�)

d� 1
τ(t)−η̃m

∫ t−η̃m

t−τ(t) z(x,�)d� 1
τM−τ(t)

∫ t−τ(t)

t−τM
z(x,�)d�

ς(x, t) zx(x, t) zt(x, t) I I I I v(x, t)}, in which

ς(x, t) =

⎧⎪⎨
⎪⎩

col{ē2, . . ., ēN}, σk = 1

col{ē1, . . ., ēσk−1 , ēσk+1 , . . ., ēN}, σk �= 1, N

col{ē1, . . ., ēN−1}, σk = N.

Based on Lemmas 1 and 2, using Schur’s complement, the
following inequality holds for t ∈ [tk, tk+1):

E

{
V̇e(t) + 2αVe(t)−

∫
Ω

γ̃2vT (x, t)v(x, t)dx

− 1
ε

∫
Ω

N∑
i=1,i�=σk

ēTi (x, t)C
T
i UiCiēi(x, t)dx
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−
∫
Ω

2αēTσk
(x, t)Qσk

ēσk
(x, t)dx

}

≤
∫
Ω

ξT (x, t)Ξξ(x, t)dx. (37)

From (25) and Schur’s complement, inequality (19) holds. Thus,
according to Lemma 3, the proof of Theorem 1 is completed.
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