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Abstract—This article addresses the optimal stabiliza-
tion of unknown nonlinear networked industrial systems
(NISs) with limited communication resources, proposing
an innovative self-triggered approximate optimal control
framework fused with generalized fuzzy hyperbolic model
(GFHM) and reinforcement learning (RL) gradient descent.
To handle unknown dynamics without prior model informa-
tion, a GFHM-based state identifier is constructed, lever-
aging its universal approximation, flexible structure, and
fewer parameters to adaptively reconstruct nonlinear dy-
namics. A self-triggered mechanism predicts the next con-
trol update instant via software, eliminating continuous
hardware monitoring and reducing online computing cost,
network data transmission overhead, and actuator energy
usage. Within the RL framework, a critic neural network
(NN) is established, with weights tuned via gradient descent
to approximate the Hamilton-Jacobi-Bellman (HJB) equa-
tion solution and derive the approximate optimal control
policy. Theoretical analysis proves the closed-loop signals
are uniformly ultimately bounded (UUB). Numerical simula-
tions validate the scheme’s effectiveness in ensuring opti-
mal control performance while saving resources.

Index Terms—Uniformly ultimately bounded (UUB),
hamilton-jacobi-bellman (HJB) equation, neural network
(NN), reinforcement learning (RL).
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I. INTRODUCTION

W ITH excellent flexible remote operation, nonlinear
networked industrial systems (NISs) have gained

widespread adoption across industrial automation, robotics,
intelligent transportation and other industrial and engineering
fields [1], [2], [3], [4]. However, real-world NISs have inherent
nonlinear dynamics that are difficult to model accurately, hinder-
ing high-performance controller design [5]. Traditional Takagi-
Sugeno (T-S) fuzzy identification suffer from exponentially in-
creasing parameters, causing heavy computational overhead and
high modeling costs. Recently, Li et al. modeled fractional-order
nonlinear systems with the T-S fuzzy model, deriving the global
model via fuzzy rule interpolation for controller design [6]. In
Yuan’s work [7], the T-S fuzzy model approximated turbine
valve position nonlinearities, and the system was modeled via
fuzzy rule interpolation and defuzzification. As highlighted in
the study [8], the generalized fuzzy hyperbolic model (GFHM)
holds prominent strengths including a flexible structure, low
parameter count and universal approximation capability for
smooth functions over compact sets, making it a more efficient
alternative to system identification. To address the challenge
brought by unknown nonlinear dynamics, this paper develops a
state identifier following the core design logic of GFHM.

To realize optimal control for nonlinear NISs, the Hamilton-
Jacobi-Bellman (HJB) equation must be solved, but traditional
methods are limited by the curse of dimensionality and de-
pendence on accurate models, leading to extreme difficulty in
solving [9]. As elaborated in the reinforcement learning (RL)
literature [10], [11], RL learns optimal control policies iter-
atively through system interaction without prior model infor-
mation, and has become a mainstream tool for HJB equation
solving [12], [13], [14]. In a study by Wen et al. [13], an
adaptive dynamic programming (ADP)-boosted method could
estimate the unknown nonlinearities for multiagent consensus
control. Besides, to model unknown perturbations, Zhang et al.
designed a neural network (NN) scheme for switched system
optimal control. For optimal control, this paper adopts the RL
framework, constructs a single-critic NN to approximate the
HJB solution, and optimizes weights by gradient descent. RL
and ADP both achieve optimal policy learning via environmental
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interaction [15], [16], so they are treated equivalently herein. The
proposed method ensures single-critic NN weight convergence
and enhances the HJB solution approximation accuracy.

Limited communication bandwidth poses another critical
constraint on NISs [17], [18], [19]. Practically, the bandwidth
of NISs becomes increasingly limited with the expansion of
system scale and rising complexity of controlled objects [20].
Traditional time-triggered control updates control signals peri-
odically, resulting in redundant data transmission and wasted
energy [21], [22], [23]. For the sake of cutting resource waste
and power loss, feedback control algorithms built upon RL or
ADP have evolved from regular sampling to non-periodic trans-
mission modes, departing from time-triggered architectures. In
contrast to time-triggered frameworks, event-triggered control
methods are responsive, releasing system signals to the commu-
nication network only when specific triggering conditions are
met [24], [25], [26], [27]. This mechanism effectively lowers
computing overhead, data transmission resource occupation and
energy consumption, which has been confirmed in relevant
studies. For instance, a periodic event-triggered mechanism was
proposed for NIS under quantization and delay in [24].

Though event-triggered control reduces transmission by up-
dating on state deviation, it requires continuous hardware state
monitoring as noted in [28]. To address this, self-triggered con-
trol is introduced. It predicts the next update instant at the current
one, removing the need for continuous hardware monitoring and
allowing communication suspension on embedded devices [29],
[30], [31], [32], [33], [34]. Specifically, researchers in [32]
designed a self-triggered scheme with mask compensation for
switched multi-agent systems. However, while self-triggered
control strategies have received extensive investigations within
model predictive control, distributed control and networked
control, specific research on optimal control is quite rare [35],
[36]. This paper integrates a self-triggered mechanism following
related references. It predicts update moments from past trigger-
ing states to remove continuous hardware monitoring, enabling
low-power communication on embedded devices and reducing
bandwidth and energy consumption. A positive minimal bound
on execution intervals is derived via theoretical analysis for
avoiding Zeno behavior and ensure practicability.

Drawn from the above analysis, this work proposes an RL-
driven self-triggered optimal control scheme with a GFHM-
based state identifier for unknown nonlinear systems to address
the hardware monitoring limitation of event-triggered control
and reduce bandwidth usage. The core contributions are con-
cluded in the following three aspects:

1) Unlike [6], [7] focusing on traditional fuzzy identifica-
tion methods, we propose a GFHM-based state identi-
fier. Specifically, the proposed method can adaptively
approximate unknown nonlinear dynamics with fewer
parameters and flexible structure without any prior system
information, effectively reducing modeling complexity
while guaranteeing approximation accuracy.

2) A resource-optimized self-triggered scheme (RoSTS) is
embedded within the optimal control framework. Inspired
by related research on self-triggered control, it predicts
the next update instant through software relying on the

state captured at the prior update moment, which elimi-
nates the need for continuous hardware monitoring con-
trary to the event-triggered mechanism [25], [26], [27],
saves communication bandwidth and energy consump-
tion, and avoids Zeno behavior.

3) Compared with heuristic algorithms, e.g., particle swarm
optimization that suffer from slow convergence [8], we
design an optimal control framework built on RL gradient
descent. Since the algorithm adopts a single-critic NN
to estimate the solution to the HJB equation, it ensures
rapid convergence and high approximation precision, and
achieves near-optimal control performance for unknown
nonlinear NISs.

The remainder of this work is structured as follows. Section II
illustrates the system model. Section III details the design of the
event-driven RNN identifier and presents NN-driven feedfor-
ward compensation. To ensure that all closed-loop signals satisfy
the uniformly ultimately bounded (UUB), a Lyapunov stability
analysis is conducted in Section IV. In Section V, we supply
numerical cases to demonstrate the soundness of the presented
approach. Lastly, Section VI provides concluding remarks.

II. SYSTEM MODEL AND PROBLEM DESCRIPTION

Taking GFHM as the foundation, the system state identifier is
set up in this paper. This section will first present the background
information of GFHM, followed by the reconstruction of the
considered unknown system.

A. Background of GFHM

First, the generalized fuzzy hyperbolic rule base is set forth
in the following manner:

Definition 1: Taking a system with the input variable x̌ =
[x̌1, x̌2, . . . , x̌p]

T ∈ �p and the unique output y ∈ � into ac-
count, a fuzzy rule base is considered a generalized fuzzy
hyperbolic rule base if and only if it satisfies the following
conditions.

1) The ℘th fuzzy rule, i.e., ℘ = 1, . . . , 2ı, ı =
∑p

i=1 ni, is
given below:

IF (x̌1 − r11) is D11, . . . , (x̌1 − r1n1) is D1n1 and (x̌2 −
r21) is D21, . . . , (x̌2 − r2n2) is D2n2 and . . . and (x̌p − rp1)
is Dp1, . . . , (x̌p − rpnp

) is Dpnp
;

THEN y℘ = ED11 + · · ·+ ED1n1
+ ED21 + · · ·+

ED2n2
+ · · ·+ EDp1 + · · ·+ EDpnp

, whereni(i = 1, 2, . . . , p)
stands for the quality of the transformation relative to
x̌i. Moreover, riτ ∈ �(τ = 1, 2, . . . , ni) represents the
transformation bias, and Diτ is the fuzzy set pertaining to
(x̌τ − riτ ), consisting of a positive subset P+

iτ and a negative
subset N−

iτ . Next, x̆ = [x̌1 − r11, . . . , x̌p − rpnp
]T denotes the

generalized input variable.
2) EDiτ

in the “THEN” segment is dependent on Diτ in the
“IF” segment in terms of its presence. Specifically, EDiτ

exists
concomitantly with Diτ , and accordingly, EDiτ

is non-existent
when Diτ is absent.

3) In view of all possible combinations of P+
iτ and N

−
iτ , the

total number of fuzzy rules amounts to 2ı.
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To clarify the definition of GFHM and its universal approxi-
mation property, two lemmas are introduced below.

Lemma 1: With the p-input and single output system comply-
ing with Definition 1, the l-th component of x̆ is expressed by
x̆l = x̌i − riτ for l = n1 + · · ·+ ni−1. The membership func-
tions corresponding to x̆l take the form of

Φ
P
+
l
(x̆l) = e−

1
2 (x̆l−ml)

2
,ΦN

−
l
(x̆l) = e−

1
2 (x̆l−ml)

2
. (1)

Therefore, the system can be obtained as

y = θ + μT tanh(M x̆) (2)

where θ ∈ �, μ = [μ1, . . . , μL]
T ∈ � and M = diag{m1,

. . . ,mL} ∈ �L×L denote the bias, the weight vector
and intrinsic weight, respectively. Besides, tanh(M x̆) =
[tanh(m1x̆1), . . . , tanh(mLx̆L)]

T . On this basis, (1) is re-
garded as the GFHM.

Lemma 2: Consider an unknown continuous function K(x).
For any positive constant σ, one can find a fuzzy function κ(x)
from the GFHM set that meets the subsequent condition:

sup|κ(x)−K(x)| < σ. (3)

Remark 1: As detailed in Lemma 1, the definition of GFHM
reveals its structure is analogous to that of conventional neu-
ral networks [37]. Utilizing advanced learning methodologies,
the weight parameters of GFHM can be adaptively updated
to realize the adaptive identification. For notational simplicity,
the internal weight matrix M is designated as the identity
matrix. Furthermore, Lemma 2 theoretically demonstrates the
universal approximation property of GFHM in [38]. With these
inherent properties, GFHM is suitable for approximating the
unknown nonlinear system investigated herein, and the design
of a GFHM-based system identifier is presented in the following
subsection.

B. System Estimation Assisted by GFHM

Consider a continuous-time NIS with unmodeled dynamics
in the following form:

ẋ = f(x) + Gu(t) (4)

in which x(t) ∈ �p and u(t) ∈ �q correspond to the system
state and the control input, respectively. The function f(x) =
[f1(x), . . . , fp(x)]

T ∈ �p signifies an unknown nonlinear map-
ping continuously differentiable on a compact set Ω ∈ �p.
G = [G1, . . . ,Gp]

T ∈ �p×q designates the input control matrix.
Furthermore, we highlight that f(x) and G are all unknown in
our considered system, with only x(t) and u(t) both available
for measurement.

Hence, every unknown fi(x)(i = 1, 2, . . . , p) in (4) admits
estiation via GFHM by virtue of Lemma 2. To estimate each ẋi,
we employ a GFHM with the premise structure {n1, . . . , np}.
To simplify our analysis, we represent all ni as n in this section.
This means we needpGFHMs to approximate thep-dimensional
output system (4), and we express the GFHM-based estimation

form of system as⎧⎪⎨
⎪⎩

ẋ1 = A1 + BT
1 (Xq − C1) + ε1 + η1x+ G1u

...
ẋp = Ap + BT

p (Xq − Cp) + εp + ηpx+ Gpu

(5)

with A1, . . . ,Ap ∈ �. B1, . . . ,Bp ∈ �np and C1, . . . ,Cp ∈
�np denote the ideal weight matrics of the GFHM. Xq = x⊗
In ∈ �np, where In and ⊗ are the n× 1 column vector of ones
and the Kronecker product, respectively. The GFHM estimation
errors ε1, . . . , εp ∈ � are bounded. η1, . . . , ηp respectively stand
for the p entries of a preassigned stable design matrix.

We introduce an augmented operation in the following form:

X =

⎡
⎢⎣X T

q , . . . ,X T
q︸ ︷︷ ︸

p

⎤
⎥⎦
T

def
= Ψ(Xq) ∈ �np2

.

Therefore, (5) can be established below:

ẋ = Ā+ B̄T tanh(X − C̄) + ε+ ηx+ Gu (6)

where Ā = [A1, . . . ,Ap]
T ∈ �p, B̄ = diag{BT

1 , . . . ,BT
p ]

T ∈
�np2×p, C̄ = [C T

1 , . . . ,C T
p ]T ∈ �np2

and the estimation error
term ε = [ε1, . . . , εp]

T ∈ �p. In addition, η = [η1, . . . , ηp]
T ∈

�p×p represents the stable matrix.
Accordingly, the dynamics of system (4) coincide with (6).

Denoting the approximated state by x̂, the state identification is
given by

˙̂x = Â+ B̂T tanh(X̂ − Ĉ) + ηx̂+ Ĝu (7)

where Â, B̂, Ĉ and Ĝ represent the approximated values of Ā,
B̄, C̄ and G, respectively. Meanwhile, following the definition of
X , it holds that X̂ = Ψ(x̂⊗ In).

Let the state identification error of the system be E = x−
x̂, and the weight approximation errors be Ã = Ā − Â, B̃ =
B̄ − B̂, C̃ = C̄ − Ĉ and G̃ = G − Ĝ. Noting that X̃ = X − X̂ , we
have X̃ = Ψ(E ⊗ In). By combining (6) and (7), the dynamic
equation of the system identification error is derived as

Ė = Ã+ B̄T (tanh(X − C̄)− tanh(X̂ − Ĉ))
+ B̃T tanh(X̂ − Ĉ) + ηE + G̃u+ ε (8)

with the bounded error term ε.

C. Stability Analysis

Prior to presenting the adaptive weight update adjustments for
the state identification (7), the subsequent assumption is indis-
pensable for analyzing the stability of the state approximation
error.

Assumption 1: For the existence of positive scalars ε1, ε2 and
BM , it holds that C̃T C̃ ≤ ε1X̃ T X̃ , ε̃T ε̃ ≤ ε2E TE and ||B̄|| ≤
BM .

In what follows, the update weight adjustments for the identi-
fier (6) are specified in Theorem 1. Based on these, we establish
the convergence properties of the weight approximation errors
Ã, B̃, G̃ and C̃, as well as the system estimation errors E .
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Theorem 1: Under the condition of the unknown system
dynamic (4), we implement the state identification (7) and
formulate the tuning adjustments of Â, B̂, Ĝ and Ĉ as

˙̂A = ρ1E ,
˙̂B = ρ2,iEi tanh(X̂q − Ĉi),

˙̂G = E uTπ,
˙̂C = −ρ3,i(E ⊗ In) (9)

with ρ1, ρ2,i and ρ3,i > 0(i = 1, . . . , p) denoting learning rates,
π being a symmetric positive definite matrix, and Ei the i-th
element of E . Consequently, the weight errors Ã, B̃, G̃, C̃ and
the state approximation error E can achieve stability in the UUB
sense with Assumption 1.

Proof: Take Lo = L1 + L2 as the Lyapunov function, where
the explicit forms of the sub-functions are

L1 =
1

2np
X̃ T X̃ =

1
2
E TE (10)

and

L2 =
1
2
tr

{
Ãρ−1

1 ÃT
}
+

1
2

p∑
i=1

tr
{
B̃iρ

−1
2,iB̃T

i

}

+
1
2
tr

{
G̃π−1G̃T

}
+

1
2

p∑
i=1

tr
{
C̃iρ−1

3,iC̃T
i

}
. (11)

Inspired by (8), the derivative of L1 is inferred as

L̇1 = E T Ė

= E T Ã+ E T B̄T (tanh(X − C̄)− tanh(X̂ − Ĉ))
+ E T B̃T tanh(X̂ − Ĉ) + E T ηE + E T G̃u+ E T ε.

From (10), we have X̃ T X̃ = npE TE . By virtue of the mono-
tonicity of tanh(·), Assumption 1 and the Young inequality
2XT Y ≤ XT X+ YT Y, we arrive at the following expressions:

E T B̄T (tanh(X − C̄)− tanh(X̂ − Ĉ))

≤ 1
2
E T B̄T B̄E +

1
2
(tanh(X − C̄)− tanh(X̂ − Ĉ))T

(tanh(X − C̄)− tanh(X̂ − Ĉ))

≤ 1
2
E T B̄T B̄E +

1
2
(X̃ − C̃)T (X̃ − C̃)

≤ 1
2
E T B̄T B̄E +

(1 + ε1)np

2
E TE −

p∑
i=1

(E ⊗ In)
T C̃i (12)

and

E T ε ≤ 1
2
E TE +

1
2
εT ε ≤ 1

2
E TE +

1
2
ε2E

TE . (13)

Utilizing (12) and (13), it is further derived as

L̇1 ≤ E T Ã+ E T

[B2
M + (1 + ε1)np+ 1 + ε2

2
Ip×p + η

]
E

+

p∑
i=1

E T
i BT

i tanh(X̂q − Ĉi) + E T G̃u

−
p∑

i=1

(E ⊗ In)
T C̃i. (14)

It can be easily deduced that ˙̃A = − ˙̂A, ˙̃B = − ˙̂B, ˙̃G = − ˙̂G and
˙̃C = − ˙̂C, thus getting

L̇2 = −E T Ã −
p∑

i=1

EiB̃T tanhT (X̂q − Ĉi)

− E T G̃u+

p∑
i=1

(E ⊗ In)
T C̃i. (15)

By synthesizing the results from (14) and (15), we have the
following formula

L̇o ≤ E T

[B2
M + (1 + ε1)np+ 1 + ε2

2
Ip×p + η

]
E

def
= E T νE (16)

where ν =
B2
M+(1+ε1)np+1+ε2

2 Ip×p + η. Based on the above
derivation, we can conclude that choosing a suitable η can ensure
the negative definiteness of δ, such that L̇o < 0.

Consequently, it can be found that the GFHM-driven state
identification (7) can precisely estimate the system (4). More-
over, upon completion of the full learning process, the approxi-
mated weights Â, B̂, Ĝ and Ĉ can approach the neighborhood of
Ā, B̄, G and C̄, with their final stable values denoted as A, B, G
and C, respectively; and we thereby acquire the reconstruction
of the system

ẋ = A+ BT tanh(X − C) + ηx+ Gu def
= f̂(x) + Gu (17)

where f̂(x) = A+ BT tanh(X − C) + ηx. �
Remark 2: To streamline the following analysis, we maintain

the notations ẋ, f(x) and G. Notably, we perform our upcoming
derivation using this reconstructed system with A, B, G and C
unchanged throughout.

III. SELF-TRIGGERED OPTIMAL CONTROL DESIGN AND

VALIDITY ANALYSIS

In this section, we first derive the HJB equation by virtue of
RoSTS. Then we formally prove that the system dynamics and
the weight error dynamics of the critic NN are UUB when the
expected control strategy is applied.

A. Optimal Control Framework

Define the perform function as

V (x(t)) =

∫ ∞

t

(
xT (τ)Qx(τ) + uT (τ)Ru(τ)

)
eα(τ−t)dτ

where α stands for the discount factor and eα(τ−t) is designed to
ensure the convergence of x(t). Since Ξ(Ω) denotes the admis-
sible sets of u(t), we conclude the optimal value corresponding
to the performance function:

V ∗(x(t)) = min
u∈Ξ(Ω)

V
(
x(t)

)
. (18)
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On the basis of the Bellman optimality principle, the optimal
control problem in (18) can be used to resolve the following HJB
equation

min
u∈Ξ(Ω)

H
(
x(t),�V ∗, u(x(t))

)
= 0 (19)

where H(·) denotes the Hamiltonian function, with its detailed
form expressed as:

H
(
x(t), u(x(t)),�V (x(t))

)
= xT (t)Qx(t) + uT (x)Ru(x)− αV (x(t))

+
(
�V (x(t))

)T

ẋ(t)

where �V (x(t)) denotes the partial derivative vector of
V (x(t)), that is �V (x(t)) = ∂V

∂x .
According to Pontryagin’s Minimum Principle, the following

equation can be elicited:

∂H
∂u

= 2Ru(x(t)) + GT (x(t))�V ∗(x(t)).

Therefore, we can simply acquire that

u∗(x(t)) = arg min
u∈Ξ(Ω)

H
(
x(t), u(x(t)),�V ∗(x(t))

)
= −1

2
R−1GT (x(t))�V ∗(x(t)). (20)

Recalling the optimal control input u∗(x(t)), we revise the
HJB equation to integrate this input into its formulation, which
is given by

arg min
u∈Ξ(Ω)

H
(
x(t), u(x(t)),�V ∗(x(t))

)

= xT (t)Qx(t) +
(
u∗(x(t))

)T

Ru∗(x(t))− αV (x(t))

+ (�V ∗
(
x(t))

)T

(f(x(t)) + G(x(t))u∗(t)).

By incorporating RoSTS, the proposed optimal control strat-
egy is updated exclusively at valid self-triggered update mo-
ments, that are satisfied, whose values are forecasted by software
utilizing current system states and a specified functional relation.
Hence, it is more readily implementable than event-triggered
optimal control mechanism.

From the predictive results, the optimal control strategy
gets renewed following the RoSTS, taking the form of uj =

u
(
x(tj)

)
at the forecasted triggering instant tj . Meanwhile,

consider x(tj) = xj for convenience. As a result, our control
objective lies in designing a self-triggered approximate optimal

control strategy u
(
x(tj)

)
capable of ensuring UUB for all

signals within the closed-loop system (4).

B. RL-Boosted Iteration Algorithm

Through the adoption of the NN approximation approach,
we propose an RL-boosted iterative algorithm for solving the
established HJB equation. To estimate the performance function

V (x), we utilize the following single-layer NN:

V ∗(x) = �Tϕ(x) + ζ(x) (21)

where � ∈ �pc represents the designed optimal weight vector,
with pc being the number of hidden layer neurons. Meanwhile,
ϕ(x) = col{ϕi}(i = 1, 2, . . . , pc) denotes an undetermined ac-
tivation function, in which eachϕi is independent of one another,
ζ(x) is defined as the approximation error and col(·) refers to
the column vector operator.

Then we derive its partial derivative written as

�V ∗(x) = �ϕ(x)T� + �ζ(x). (22)

On account of (20), the optimal control strategy and the
Hamiltonian are obtained given by

u∗(x) = u∗(xj) = −1
2
R−1GT (xj)

(
�ϕ(xj)

T� + �ζ(xj)
)

and

H
(
x, u∗(xj), �

)
= xTQx+ (u∗(xj))

TRu∗(xj) + δ

− α�Tϕ(x) +�T�ϕ(x)ẋ = 0 (23)

where δ = −αζ(x) + �ζ(x)ẋ.
As a matter of fact, it is challenging to estimate the exact value

of �. Due to this unknown term, we use the following equation
to derive its actual weight:

V̂ (x) = �̂Tϕ(x). (24)

Subsequently, we compute the partial gradient of V̂ (x), ex-
pressed as

�V̂ (x) = �ϕ(x)T �̂. (25)

Hence, the estimated optimal control input û(x) is given by

û(x) = û(xj) = −1
2
R−1GT (xj)�ϕ(xj)

T �̂. (26)

The above strategy yields an estimated Hamiltonian, and its
expression is as follows:

Ĥ
(
x, û(xj), �̂

)
= xTQx+ ûT (xj)Rû(xj)− α�̂Tϕ(x)

+ �̂T�ϕ(x)ẋ. (27)

Let the error between Ĥ(·) and H(·) be defined as θz , leading
to

θz = Ĥ
(
x, û(xj), �̂

)
−H

(
x, u∗(xj), �

)
= xTQx+ �̂T

(
−αϕ(x) + �ϕ(x)ẋ

)
+ ûT (xj)Rû(xj)

= xTQx+ ûT (xj)Rû(xj) + �̂TΥ (28)

where Υ = −αϕ(x) + �ϕ(x)ẋ.
To effectively approximate V via V̂ , we aim to realize the

value of u∗(x) as θz → 0. To accomplish this, we formally
introduce an objective function:

E =
1

2(1 +ΥTΥ)2
θTz θz. (29)
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Taking the gradient decent algorithm and the chain rule into
account, we obtain

˙̂� = −ρc
∂E

∂�
= −ρc

∂E

∂θz

∂θz
∂�

= −ρc
1

(1 +ΥTΥ)2

∂θz
∂�

.

where ρc represents the learning rate that impacts algorithm
convergence. By substituting the condition that ∂θz

∂� = Υ−
ûTGT (xj)�ϕT (xj) and the approximate optimality condition
where the Hamiltonian’s gradient with respect to û equals zero,
we derive ∂θz

∂� = Υ. As a result, the update rule for �̂ is given
by

˙̂� = −ρc
Υ

(1 +ΥTΥ)2
θz. (30)

We next introduce �̃ = � − �̂ to denote the weight approx-
imation error, from which we deduce the following result that

˙̃� = −ρc
ΥΥT

(1 +ΥTΥ)2
�̃ + ρc

Υ

(1 +ΥTΥ)2
Θz (31)

where Θz = −�ϕT (x)ẋ+ αϕ(x) indicates the residual error.
According to the updating law (30), �̂ can be computed at

time instant t:

�̂(t) = �̂(t− Λj)

− ρcΛj
Υ(t− Λj)

(1 +ΥT (t− Λj)Υ(t− Λj))2
θz(t− Λj)

where Λj indicates the intersampling time, thereby having the
value of û(xj). In other words, given the initial values of �̂
and x(t), û(xj) can be updated accordingly. Furthermore, the
execution process of the optimal control algorithm based on NNs
is illustrated within the context of Algorithm 1.

C. Convergence Verification

Prior to analyzing the convergence of the closed-loop system
(4) under the proposed self-triggered approximation optimal
control strategy, we first present the relevant assumptions.

Assumption 2: The drift dynamics f(x) is Lipschitz contin-
uous over the compact region Ω containing the origin. This
ensures a unique solution x(t) to the system (4) for x0 ∈ Ξ(Ω)
and the control input u. There exists a positive constant £f

meeting ||f(x)|| ≤ £f ||x||, where || · || refers to the standard
Euclidean norm, and the system (4) is stabilizable on Ω.

Assumption 3: It holds that the matrix G associated with the
control input is uniformly norm-bounded by 0 ≤ ||G||F ≤ £g

for any x ∈ Ω, in which £g > 0 and || · ||F indicates the Frobe-
nius norm.

Assumption 4: Suppose that the control input u(x) is Lips-
chitz continuous over the compact set Ξ(Ω). Specifically, there
exists a positive scalar £u satisfying ||u(x(t))− u(x(tj))|| =
||u∗ − u(xj)|| ≤ £u||hk|| with hj = x− xj .

Assumption 5: Norm bounds are imposed on �ϕ(x), �ζ, ζ
and Θz , i.e., ||�ϕ(x)|| ≤ ϕdM , ||�ζ|| ≤ ζdM , ||ζ|| ≤ ζM and
||Θz|| ≤ ΘzM with ϕdM , ζdM , ζM and ΘzM being unknown
positive scalars.

Assumption 6: Given the continuous differentiability of
V ∗(x) over its admissible set ß(Ω), one can verify that V ∗(x)
possesses an upper bound on ß(Ω), namely ||V ∗(x)|| < VM .

Theorem 2: Given the unknown nonlinear system (4) and
taking into account the Assumptions 2–6 and the proposed
self-triggered estimated optimal control strategy (26), assume
that positive scalars Γ ∈ (0, 1] and γ ∈ (0, 1) exist fulfilling

Γ(1 − γ2)xT
j J xj ≥ hT

j

[
−

(
1 − 1

γ2

)
J +W

]
hj (32)

where J and W denote positive definite diagonal matrices with
suitable dimensions to be introduced subsequently. Under this
condition, the UUB property for the closed-loop dynamics (4)
is ensured.

Proof: Take the subsequent Lyapunov function for our sta-
bility analysis:

L = L1 + L2 (33)

and the detailed information regarding L is

L1 =
1
2
xTx+ V ∗(x), L2 =

1
2
�T�.

First, the time derivative of L1 is

L̇1 = xT ẋ+ (�V ∗(x))T ẋ

= (�V ∗(x))T f(x)G
(
u∗ + û(xj)− u∗

)
+ xT

(
f(x) + Gû(xj)

)
. (34)

According to (20) and (23), we have

(�V ∗(x))TG = −2(u∗)TR

(�V ∗(x))T ẋ = −xTQx− (u∗)TRu∗ + αV ∗(x). (35)

Combining Assumptions 2, 3 and 6, the above formulas (35),
and the Young’s inequality, it yields that

L̇1 = xT
(
f(x) + Gû(xj)

)
+ (�V ∗(x))T

(
f(x) + Gu∗

)
+ 2(u∗)TR

(
u∗ − û(xj)

)
≤ xT£fx+£g

(
1
2x

Tx+ 1
2 û

T (xj)û(xj)
)
+ αVM

+ 2(u∗)TR
(
u∗ − û(xj)

)
− xTQx− (u∗)TRu∗. (36)

Noting that Ip×p denoting the p× p dimensional identity
matrix, it can be simply derived that

L̇1 ≤ −xT

[
−

(
£f +

1
2
£g

)
Ip×p +Q

]
x+

1
2
£gû

T (xj)û(xj)

+ 2(u∗)TR
(
u∗ − û(xj)

)
− (u∗)TRu∗ + αVM

= −xT

[
−

(
£f +

1
2
£g

)
Ip×p +Q

]
x+ αVM

− (u∗)T
(
R− 1

2
£gIq×q

)
u∗
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+ (u∗)T (2R−£gIq×q)
(
u∗ − û(xj)

)
+

1
2

(
u∗ − û(xj)

)T

R
(
u∗ − û(xj)

)
. (37)

According to (26) together with Assumption 4, the inequality
can be acquired below:

||u∗ − û(xj)|| ≤ ||u∗ − û(x)||+ ||û(x)− û(xj)||

≤ 1
2
R−1£gβ +£u||hj || (38)

where β = ϕdM ||�̃||+ ζdM .
Therefore, (37) can be rewritten as

L̇1 ≤ −xT

[
−

(
£f +

1
2
£g

)
Ip×p +Q

]
x+ αVM

+£g

(
1
4
R−2£2

gβ
2 +£2

u||hj ||2 +R−1£g£uβ||hj ||
)

− (u∗)T
(
R− 1

2
£gIq×q

)
u∗ + xTJ x− xTJ x

+ ||u∗||T ||2R−£gIq×q||F ||u∗ − û(xj)|| (39)

In virtue of the Young’s inequality, it is easy to obtain that

R−1£g£uβ||hj || ≤ 1
2
R−2£2

gβ
2 +

1
2
£2

u||hj ||2. (40)

By adopting (40), the time difference of L1 can be restated as

L̇1 ≤ −xT

[
G−

(
£f+

1
2
£g

)
Ip×p−J

]
x− xTJ x+ αVM

+
3
2
£g£

2
u||hj ||2 − (u∗)T

(
R− 1

2
£gIq×q

)
u∗

+ ||u∗||T ||2R−£gIq×q||F ||u∗ − û(xj)||+ 3
4
R−2£3

gβ
2

(41)

where the last term based upon the Young’s inequality yields the
equivalent expression:

||u∗||T ||2R−£gIq×q||F ||u∗ − û(xj)||

≤ ||u∗||T ||2R−£gIq×q||F
(

1
2
R−1£gβ +£u||hj ||

)

≤ 1
4

(
(u∗)T£2

gu
∗ + ||2R−£gIq×q||2FR−2β2

)
+

1
2
(u∗)T£2

uu
∗ +

1
2
||2R−£gIq×q||FhT

j hj . (42)

Through incorporating (42) into (41) along with denoting Q̆ =
G− (£f + 1

2£g)Ip×p − J , we further get

L̇1 ≤ −xT Q̆x− xTJ x+ αVM

+ hT
j

(
3
2
£g£

2
u +

1
2
||2R−£gIq×q||2F

)
hj

− (u∗)T
[
R− 1

2

(
3
2
£2

g +£2
u

)
Iq×q

]
u∗

+
(
£3

g + ||2R−£gIq×q||2F
)
R−2β2. (43)

Recalling the expression that β2 = (ϕdM ||�̃||+ ζdM )2 ≤
2ϕ2

dM ||�̃||2 + 2ζ2
dM , it follows that

L̇1 ≤ −xT Q̆x− xTJ x+ hT
j Whj − (u∗)T R̆u∗

+ 2ξϕ2
dM ||�̃||2 + 2ξζ2

dM + αVM (44)

where ξ = (£3
g + ||2R−£gIq×q||2F )R−2, W = 3

2£g£
2
u +

1
2 ||2R−£gIq×q||2F and R̆ = £3

g + ||2R−£gIq×q||2F for the
sake of convenience.

Since hj = x− xj , it is not hard to conclude that

xTJ x = (hj + xj)
TJ (hj + xj)

= hT
j J hj + xT

j J xj + 2xT
j J hj − γ2xTJ x

+ γ2xTJ x− 1
γ2

hT
j J hj +

1
γ2

hT
j J hj

≥ (1 − γ2)xTJ x+

(
1 +

1
γ2

)
hT
j J hj . (45)

Under the condition of (32), one has

L̇1 ≤ −xT Q̆x−(1−γ2)xTJ x−
(

1 +
1
γ2

)
hT
j J hj + αVM

+ hT
j Whj − (u∗)T R̆u∗ + 2ξϕ2

dM ||�̃||2 + 2ξζ2
dM

≤ −xT Q̆x− (1 − γ2)xT
j J xj + αVM − (u∗)T R̆u∗

+ Γ(1 − γ2)xT
j J xj + 2ξϕ2

dM ||�̃||2 + 2ξζ2
dM

≤ −λmin(Q̆)||x||2 + 2ξϕ2
dM ||�̃||2 + 2ξζ2

dM + αVM .
(46)

Revoking (31), and therefore we get

L̇2 = �̃T ˙̃�

= �̃T

[
−ρc

ΥΥT

(1 +ΥTΥ)2
�̃ + ρc

Υ

(1 +ΥTΥ)2
Θz

]
. (47)

Noticing that (1 +ΥTΥ) ≥ 1, one has

ρc�̃
T Υ

(1 +ΥTΥ)2
Θz

≤ ρc
2
�̃T ΥΥT

(1 +ΥTΥ)2
�̃ +

ρc
2
ΘT

z Θz. (48)

Defining Δ = ΥΥT

(1+ΥTΥ)2 and substituting (48) and
Assumption 4 into (47), it can be handled as

L̇2 ≤ −ρc
2
�̃TΔ�̃ +

ρc
2
ΘT

z Θz

≤ −λmin(Δ)||�̃||T +
ρc
2
Θ2

zM . (49)

Building on the foundation in (46) and (48), the following
result can be acquired:

L̇ = L̇1 + L̇2

≤ −λmin(Q̆)||x||2 − (λmin(Δ)− 2ξϕ2
dM )||�̃||2
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+
ρc
2
Θ2

zM + 2ξζ2
dM + αVM

= −Ψ1||x||2 −Ψ2||�̃||2 +Ψ3 (50)

where Ψ1=λmin(Q̆), Ψ2=λmin(Δ)− 2ξϕ2
dM , Ψ3 = ρc

2 Θ2
zM

+ 2ξζ2
dM + αVM .

In this regard, it is verified that L̇ < 0 subject to Theorem 2.
This necessitates the positive definiteness of both Ψ1 and Ψ2

and on the premise that at least one of the aforementioned
inequalities holds: ⎧⎨

⎩ ||x|| ≥
√

Ψ3
Ψ1

||�̃|| ≥
√

Ψ3
Ψ2

.

�
Remark 3: For Assumptions 2 and 3, practical systems are

described by continuous nonlinear differential equations with a
unique equilibrium. The drift function f(x) and control input
matrix G correspond to inertial, Coriolis and centripetal forces
in robotic systems, and are thus norm-bounded and non-zero.
Assumption 4 holds due to the property of infinite-horizon
control, while Assumption 5 is guaranteed by finite practical
approximation errors. All these assumptions are reasonable and
applicable to RL-based control schemes in [8], [28].

IV. SELF-TRIGGERED SCHEME FRAMEWORK

This section presents the self-triggered scheme design for
the RL-based algorithm, verifies its admissibility with Zeno
behavior precluded, and analyzes the temporal and spatial com-
putational complexity.

A. Self-Triggered Mechanism

Within the following part, the inter-execution interval Λj =
tj+1 − tj(j = 1, . . . ,∞) takes the formΛj = �(xj), which has
a positive lower bound, proving the RoSTS scheme valid. Before
the proof, we define Zeno behavior as follows.

Definition 2: Set the nonlinear system Zeno on the condition
that

lim
j→∞

tj =

∞∑
j=0

Λj = t∞ < ∞ (51)

where Λj represents the j-th sampling interval, and t∞ is known
as the Zeno time.

Theorem 3: The sequence of triggering times {tj} are con-
structed such that

tj+1 = tj +
1
�
ln

(
�
ΓxT

j J xj

j(xj)
+ 1

)
(52)

with � = 2(1 +£2
f ) and j(xj) = (2£2

f +£2
g£

2
u)λmax(W)

xT
j xj . It follows that the self-triggering law (52) is well-posed

for the nonlinear dynamics (4). In particular, the inter-execution
time is expressed via

Λj =
1
�
ln

(
�
ΓxT

j J xj

j(xj)
+ 1

)
> 0.

Algorithm 1: Online RL Strategy Under RoSTS.

Proof: Consider the following Lyapunov function candidate
when t ∈ [tj , tj+1):

Ł = hT
j Whj . (53)

Using the fact that hj = x− xj together with the Young’s
inequality and Assumptions 2–3, computing the time derivative
results in

Ł̇ = 2W
(
hT
j f(x) + hT

j Gû(xj)
)

≤W
(
hT
j hj + f(x)T f(x)

)
+W

[
hT
j hj+

(
Gû(xj)

)T

Gû(xj)

]
≤ 2hT

j Whj +£2
fx

TWx+£2
g£

2
ux

T
j Wxj (54)

where it is not hard to derive

£2
fx

TWx = £2
f (hj + xj)

TW(hj + xj)

≤ 2£2
fh

T
j Whj + 2£2

fx
T
j Wxj . (55)

Inserting (55) into (54), it yields

Ł̇ ≤ 2hT
j Whj + 2£2

fh
T
j Whj+2£2

fx
T
j Wxj+£2

g£
2
ux

T
j Wxj

=
(
2 + 2£2

f

)
hT
j Whj +

(
2£2

f +£2
g£

2
u

)
xT
j Wxj

= �Ł + j(xj). (56)

With the aid of the comparison principle and the self-triggered
law (52), when t ∈ [tj , tj+1), it follows that

Ł̇ ≤ j(xj)

�

(
e
(t−tj) − 1

)
≤ ΓxT

j J xj , . (57)

From (57), exponential stability of system (4) ensuresΛj > 0.
This signifies that the inter-execution time is positive, avoiding
Zeno behavior and bringing the proof to an end.

B. Computational Complexity

Following [28], we analysis the minimal computational cost
of the proposed self-triggered optimal control. The Veronese
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map M transforms x = [x1, . . . , xp]
T ∈ �p to xTx ∈ �p×p,

satisfying

M =
[
x2

1, x1x2, . . . , x1xm, x2
2, x2x3, . . . , x

2
p

]T
.

Hence, the space complexity is O(td)[p(p+ 1)/2], where td
indicates the discretization step, O(td) = 
Λ̄j/td� − 
Λj/td�,
Λ̄j and Λj denote the maximum open-loop and minimum one-
step computation time. Regarding time complexity, let tf be
the time single-instruction execution and the implementation
necessitatesO(td)[p(p+ 1)/2]tf multiplications and additions,
along with O(td)tf during the operation phase.

Next, we focus on our key research concern. Observing that
the candidate Lyapunov function (33) comprises x and V ∗, i.e.,
x andu from the starting instant to the infinite time, the proposed
self-triggered control strategy (26) exhibits a space complexity
of

N o = O(td)

[
p(p+ 1)

2
+

q(q + 1)
2

+ 1

]
as it needs O(td)[p(p+ 1)/2] storage for calculating xTx,
O(td)[q(q + 1)/2] for uTRu and O(td) for storing the integral
at tj . Simultaneously, its time complexity is

N t = [2p(p+ 1) + q(q + 1) +O(td)]tf

given that the preprocessing time involves O(td)p(p+ 1)tf
for both xTx and xTQx, O(td)q(q + 1)tf for uTQu within
the integral, plus O(td)tf for checking the inequality L̇ ≤
−Ψ1||x||2 −Ψ2||�̃||2 +Ψ3 in the operation phrase. It is note-
worthy that the minimum inter-execution time Λj relies on N t,
while the maximum inter-execution time Λ̄j is restricted by the
upper bound of L̇.

V. NUMERICAL RESULTS

Consider a rotational industrial mechanical system modeled
as a torsional pendulum bar:{

dϑ
dt = ω
R dω

dt = u−mG L sinϑ− F dϑ
dt

(58)

where m = 1/3kg and L = 2/3m correspond to the mass and
length of the pendulum bar, respectively. We define the rotary
inertia as R = 4/3mL 2, the frictional factor as F = 0.2 and
the gravitational acceleration as G = 9.8m/s2. By substituting
the system states ϑ and ω with x1 and x2, the system can be
written in the state-space representation as

ẋ =

[
x2

−mG L
R x1 − F

R x2

]
+

[
0
1
R

]
u. (59)

Firstly, a GFHM state identifier with n = 2 and η = −3I2×2

is designed for system estimation. Set learning rates as ρ1 = 1,
ρ2,1 = 2, ρ2,2 = 1.2, E2 = 1, ρ3,1 = 2, with the initial state
x̂0 = [0.8,−0.9]T . Within the cost function, Q and R denote
identity matrices of suitable sizes. The initial system state is
x0 = [−1, 1]T , the critic NN activation ϕ(x) = [x2

1, x1x2, x
2
2]
T

and initial weights �̂0 = [0.220, 0.309, 0.017]T . Weight learn-
ing rate ρc = 0.4. For self-triggering, � = 3.25 and Γ =

TABLE I
SAMPLING COUNTS UNDER VARIOUS PARAMETER Γ VALUES

Fig. 1. Convergence process of the critic weights.

Fig. 2. Comparisons of the estimated states.

0.1, 0.3, 0.6, 0.8, 1 are chosen via trial and error to evaluate
sampling sensitivity.

Using Γ = 0.8 in (a) and Γ = 0.3 in (b), simulations are
reported within Figs. 1–5 and Table I. From Fig. 1, the critic NN
weights converge to [0.227, 0.260, 0.023]T . Fig. 2 depicts the
states driven to zero rapidly and Fig. 3 shows the GFHM-based
error stabilized around 17 s, verifying dynamics reconstruction.
Fig. 4 compares the control inputs under the time-triggered
mechanism (TTM) and the designed RoSTS, with the later
piecewise constant and updating only at tj . Fig. 5 shows the
triggering interval and avoids Zeno behavior. Fig. 6 indicates
sample count drops from 1001 to an average of 550, cutting
about 45.1% frequency. Meanwhile, we can draw a conclusion
from Table I that Γ increase cuts sample count and settling time
to equilibrium. This means Γ can be selected based on transient
response and resource cost demands.
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Fig. 3. Comparisons of the system state error.

Fig. 4. Control inputs under different triggered mechanisms.

Fig. 5. Comparisons of triggering intervals.

Fig. 6. Examples of different control strategies.

VI. CONCLUSION

This paper proposes an RL-based self-triggered control
scheme combining GFHM adaptive fuzzy identification for
optimal stabilization of unknown nonlinear NISs. The GFHM
identifier leverages its universal approximation property to fit
unknown nonlinear dynamics with low parameter overhead,
laying a reliable foundation for optimal control design. The
self-triggered control mechanism abandons continuous state
monitoring, predicts update instants via software calculation,
and reduces communication and computational consumption
while avoiding Zeno behavior. By constructing a critic NN and
tuning weights via RL gradient descent, the scheme approxi-
mates the HJB equation solution to obtain the optimal control
law. Theoretical derivations confirm all closed-loop signals are
stable in the sense of UUB, and numerical simulations validate
the scheme’s superior performance in balancing control effects
and resource efficiency. Our follow-up work will extend this
method to complex industrial systems subject to input saturation
and external disturbances like [39], [40].
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