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Abstract—This article concentrates on optimal tracking control
for a class of nonlinear networked systems subjecting to lim-
ited network bandwidth and unmatched disturbance. Given
the models of the control and reference systems, the consid-
ered optimal tracking control issue is initially formulated as
a minimax optimization problem. Then, with the introduction
of an event-triggered mechanism used for saving bandwidth,
the formulated problem is transformed into solving an event-
based Hamilton-Jacobi-Isaacs (HJI) equation by recurring to the
Bellman optimality theory. Based on the HJI equation, we demon-
strate that the stability of the concerned system in the sense of
uniformly ultimately bounded (UUB) can be guaranteed with
the envisioned optimal control and worst disturbance policies.
Here, the disturbance policy can be varied periodically while the
control policy can only be updated at event-triggering instants,
which differs from the existed researches. Furthermore, we pro-
pose a reinforcement learning (RL)-based algorithm to handle
the constructed HJI equation and thus settle the studied track-
ing control problem. The effectiveness of the algorithm is finally
validated by both theoretical analysis and simulations.

Index Terms—Event-triggered mechanism, networked control
systems (NCSs), reinforcement learning (RL), tracking control,
uniformly ultimately bounded (UUB).

I. INTRODUCTION

NOWADAYS, networked control systems (NCSs) are
acknowledged as the fundamental construction elements
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in modern control field. Through wired or wireless com-
munication networks, NCSs can enable remote control in a
flexible and cost-efficient manner, and thus have been exten-
sively used in many practical applications. However, with the
increasing complexity of internal structures and external fac-
tors, obvious nonlinearities are observed from NCSs, so it
is greatly demanding to study nonlinear NCSs. To this end,
lots of research issues, such as asynchronous control, con-
sensus control, security filtering, and tracking control, have
been conducted over nonlinear NCSs in the literatures. Among
which, tracking control has attracted considerable attentions
given its wide practicability [1], [2], [3], [4], [5]. Generally,
the objective of tracking control is to design appropriate con-
trol strategies so as to synchronize the state trajectory of the
controlled system with that of a preselected reference system.
In the existed studies, many tracking control schemes for
nonlinear NCSs have been proposed under diverse scenar-
ios [6], [7], [8], [9], [10]. To mention a few, Zhang et al. [6]
proposed three stable adaptive tracking schemes to deal with
the tracking control issue for a class of uncertain MIMO
nonlinear systems suffering from time-varying disturbance.
In [7], a novel adaptive fuzzy control strategy was designed
to guarantee the convergence of the tracking error and obser-
vation error for nonlinear systems with completely unknown
dynamics. Besides, the fuzzy tracking control problem was
settled in [8] for pure-feedback random nonlinear systems
with input saturation. For second-order nonlinear multiagents
systems, the expected tracking performance was achieved
in [9] by a designed distributed sliding-mode control strategy.
Yu et al. [10] investigated the adaptive tracking problem over
uncertain switched random strict-feedback nonlinear systems.

The aforementioned researches provide many effective solu-
tions to the tracking control problem over nonlinear NCSs,
however, none of them explores the optimality of track-
ing control, where the optimality can be defined as the
minimization of control cost or maximization of long-term
control performance. With the rise of optimal control the-
ory, optimal control in NCSs has extracted extensive research
interests. A typical method for handling the optimal control
issue is to transform the problem into solving the Hamilton-
Jacobi-Isaacs (HJI) equation [11], [12], [13], [14], [15], [16],
[17], [18], [19]. In view of this, the adaptive dynamic pro-
gramming (ADP) method is initially adopted to obtain optimal
control solution. For instance, Li et al. [11] proposed an ADP
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online algorithm to solve the optimal tracking control problem
for nonlinear affine system with partial uncertain time-delay.
The optimal control problems for discrete-time systems were
settled in [12] by invariant ADP methods. Furthermore, rein-
forcement learning (RL) is viewed as an another promising
technique for solving the optimal control problem, which
differs from ADP in that the training model is avoided to
be established [13]. RL-based strategies have been widely
designed to solve the HJI equation in recent studies. For
example, the optimal control problem for affine nonlinear
discrete-time systems was investigated in [14] with a novel
off-policy interleaved Q-learning algorithm. For a class of
weakly coupled continuous-time nonlinear systems, a data-
based online policy iteration learning algorithm was designed
to solve the optimal robust problem in [15]. Besides, Pang and
Jiang [16] proposed a novel infinite-horizon optimal control
problem for continuous-time linear periodic (CTLP) systems.
The optimal cooperative consensus problem for nonlinear
multiagents systems was settled in [17] with the designed
model-free policy iterative algorithm. In addition, a new data-
driven performance-prescribed RL control (DPRLC) scheme
was designed in [18] to address the optimal control issue for
the unmanned surface vehicle.

With the comprehensive exploration on RL-based optimal
control solutions, the researchers observed that the restric-
tion of communication resources largely affects the design
of corresponding strategies. Actually, the network bandwidth
in NCSs is becoming limited given the expansion of the
system scale and complexity of the controlled objectives.
Then, event-triggered mechanisms, by which system signals
are released into the communication network only while a
specific triggering condition is satisfied, are now commonly
utilized to alleviate the pressure on communication bandwidth
in NCSs [20], [21], [22], [23], [24], [25]. Under event-
triggered mechanisms, system controllers generally update
their control policies at triggering instants. Thus, a number
of event-triggered optimal control algorithms were proposed
based on RL technique in [26], [27], [28], and [29]. To
be specific, the event-triggered-based optimal tracking con-
trol problem over multiagents systems was settled based on
multigradients distributed RL approach in [27]. An effec-
tive event-triggered data transmission strategy was designed
in [28] to solve optimal tracking control issue occurred
in nonlinear interconnected systems. Considering a class of
nonlinear systems with actuator faults and limited commu-
nication resources, the event-driven control strategy and RL
algorithm were presented in [29] to achieve the guaranteed
control performance. For continuous-time nonlinear systems
with disturbance, the event-driven H∞ constrained optimal
control problem was solved via single adaptive critic learning
algorithm in [26].

In the above-mentioned researches, nevertheless, the trigger-
ing conditions are generally derived with the primary purpose
of stabilizing the targeted systems rather than reducing the
transmission of redundant system signals. Under the limited
communication resources situation, it is more promising to
adopt bandwidth-focused event-triggering schemes, i.e., the
schemes dedicated to save network bandwidth, and then design
effective RL-based algorithm to assure the stability of the

considered systems. In addition, practical NCSs are inevitably
affected by external disturbances, which thus is considered
while designing optimal control strategies in some of the
existed works [30], [31], [32], [33], [34]. For instance, the
event-triggered zero-sum game problem was focused in [31]
for partially unknown continuous-time nonlinear systems with
unmatched disturbance. It is worth noting that the studies
assumed that the disturbance policies are updated at the
triggering instants. Actually, a more realistic scenario is to
consider sampling-driven disturbance policies, i.e., the poli-
cies are updated at the sampling instants and then influence
the occurrence of the “events”.

Motivated by the above analysis, this article will study
the event-triggered optimal tracking control problem over
a nonlinear NCS with limited network bandwidth and
sampling-driven unmatched disturbance, where the meaning of
unmatched disturbance will be explained shortly. Specifically,
we will adopt a bandwidth-focused event-triggered mecha-
nism (BFETM) to ease the communication pressure, and then
explore a RL-based optimal tracking control algorithm for the
concerned system. The major contributions of the work can
be summarized as follows.

1) To alleviate the communication constraint, a bandwidth-
focused event-triggering scheme is adopted to effectively
reduce the transmission of redundant data.

2) The studied event-triggering optimal tracking control
issue is formulated as a minimax optimization problem,
and then transferred into solving an event-triggered HJI
equation based on the Bellman optimality theory.

3) A RL-based iterative algorithm is proposed to solve
the established HJI equation, and thus the stability of
the tracking error and approximated weight vector error
can be guaranteed in the sense of uniformly ultimately
bounded (UUB).

4) The effectiveness of the designed tracking control
method is validated by conducting extensive simulations.

The remainder of this article is arranged as follows. In
Section II, based on the depiction of the envisioned system and
the adopted event-triggered mechanism, an event-based HJI
equation is constructed to formulate the considered optimal
tracking control problem. In Section III, the sufficient condi-
tions for assuring the UUB of the concerned system are first
analyzed, and then a RL-based iterative algorithm is proposed
to obtain an efficient solution to the studied tracking control
problem. The performance of the designed method is evaluated
by conducting simulations in Section IV. Section V concludes
this article.

II. SYSTEM MODEL AND PROBLEM FORMULATION

In this section, the considered nonlinear NCS and refer-
ence model are described first, then the studied event-triggered
optimal tracking control problem is formulated based on the
Bellman optimality theory.

A. System Description

Considering a continuous-time NCS with unmatched distur-
bance as follows:

ẋ(t) = f (x(t)) + g(x(t))u(t) + h(x(t))w(t) (1)
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where x(t) ∈ R
n and u(t) ∈ R

m denote the system states
and control input, respectively; w(t) ∈ R

p is the uncertainty
disturbance and w(t) ∈ L2[0,∞); f (x(t)) ∈ R

n is the known
nonlinear function, g(x(t)) ∈ R

n×m is the input gain function,
and h(x(t)) ∈ R

n×p is the disturbance gain function.
Remark 1: As mentioned in [35], for NCSs with distur-

bance, if g(x(t)) = h(x(t)), then the systems are said to
suffer from the matched disturbance, otherwise, the systems
are considered to work under the unmatched disturbance. The
envisioned system in this article is assumed to be affected by
unmatched disturbance.

The selected tracking reference model is given as

ṙ(t) = φ(r(t)) (2)

where r(t) ∈ R
n is the state of the reference model and

φ(r(t)) denotes the nonlinear continuous function. Based on
(1) and (2), the tracking error is defined as z(t) = x(t) − r(t),
then the tracking error system can be obtained as

ż(t) = F(x(t), r(t)) + g(x(t))u(t) + h(x(t))w(t) (3)

in which F(x(t), r(t)) = f (x(t)) − φ(r(t)).
Definition 1 (UUB) [26]: The tracking error z(t) is said to

be stable in the sense of UUB, if there exist a compact set
� ⊂ R

n, a constant θ and a time instant tf = T(θ, z0) that
||z(t)|| ≤ θ for all t ≥ t0 + tf with initial value z(t0) = z0 ∈ �.

B. Problem Formulation

Focusing on the formulated tracking error system (3), the
objective of the study is to design an optimal control pol-
icy to guarantee that the system is stable in the sense of
UUB, and has L2 gain no more than σ which can be formally
described as∫ ∞

0

[
zT(t)Pz(t) + uT(t)Ru(t)

]
dt ≤ σ 2

∫ ∞

0
wT(t)w(t)dt (4)

where P ∈ R
n×n and Q ∈ R

m×m are the symmetric positive
definite constant matrices; σ > 0 is the pregiven disturbance
attenuation level. To achieve the objective, referring to [26], a
value function is first designed as

V(z(t)) =
∫ ∞

t
e−a(τ−t)

[
zT(τ )Pz(τ ) + uT(τ )Ru(τ )

− σ 2wT(τ )w(τ )
]
dτ (5)

in which a > 0 denotes the discount factor and the decay term
e−a(τ−t) is introduced to ensure the convergence of V(z(t)).
Then, by referring to [36], the studied H∞ optimal tracking
control problem can be modeled as

V∗(z(t)) = min
u∈�1(�1)

max
w∈�2(�2)

V(z(t)) (6)

in which �1(�1) and �2(�2) represent the admissible sets of
control input u(t) and disturbance w(t), respectively.

According to the Bellman optimality theory, the formulated
minimax optimization problem in (6) can be transformed into
solving the following HJI equation:

min
u∈�1(�1)

max
w∈�2(�2)

H
(

z(t), V∗
z(t), u(z(t)), w(z(t))

)
= 0. (7)

H(·) is called the Hamilton function and is defined as

H
(

z(t), V∗
z(t), u(z(t)), w(z(t))

)

=
(

V∗
z(t)

)T
ż(t) + zT(t)Pz(t) + uT(z(t))Ru(z(t))

− σ 2wT(z(t))w(z(t)) − aV∗(z(t)) (8)

where V∗
z(t) denotes the partial derivative of V∗(z(t)) with

respect to z(t), i.e., V∗
z(t) = ([∂V∗(z(t))]/[∂z(t)]).

Following the method used in [37], we then set⎧⎪⎨
⎪⎩

∂H
(

z(t),V∗
z(t),u(z(t)),w(z(t))

)
∂u(z(t)) = 0

∂H
(

z(t),V∗
z(t),u(z(t)),w(z(t))

)
∂w(z(t)) = 0

(9)

and obtain the optimal control input u∗(z(t)) and worst
disturbance w∗(z(t)) as{

u∗(z(t)) = − 1
2 R−1gT(x(t))V∗

z(t)

w∗(z(t)) = 1
2σ 2 hT(x(t))V∗

z(t).
(10)

Based on u∗(z(t)) and w∗(z(t)), the HJI equation described
by (7) can be rewritten as

min
u∈�1(�1)

max
w∈�2(�2)

H
(

z(t), V∗
z(t), u(z(t)), w(z(t))

)

= H
(

z(t), V∗
z(t), u∗(z(t)), w∗(z(t))

)

=
(

V∗
z(t)

)T(
F(x(t), r(t)) + g(x(t))u∗(z(t))

+ h(x(t))w∗(z(t))
)+ 	∗(z(t), u∗(z(t)), w∗(z(t))

)
− aV∗(z(t))

= 0 (11)

where

	∗(z(t), u∗(z(t)), w∗(z(t))
)

= zT(t)Pz(t) + (
u∗(z(t))

)T
Ru∗(z(t))

− σ 2(w∗(z(t))
)T

w∗(z(t)).

In order to effectively save network communication
resources, a BFETM is adopted in this article. To be specific,
the sampled data can be released only while the following
event-triggering condition holds:

dT
j (t)�dj(t) > zT(tj + lh

)
�z
(
tj + lh

)
(12)

where dj(t) = z(tj + lh) − z(tj) and l ∈ {1, 2, 3, . . .}; h denotes
the sampling period; z(tj) is the transmitted data at the latest
event-triggered instant tj (tj is a multiple of h and t0 = 0);
z(tj+lh) denotes the current sampled data; and � is a symmet-
ric positive definite matrix with appropriate dimension. Based
on (12), the next triggering instant tj+1 (tj+1 > tj) can be
expressed as

tj+1 = tj + min
l≥1

{lh|lh satisfying (12)}. (13)

It is generally acknowledged that the control input u(z(t)) is
unchanged during the two adjacent event-triggering instants,
thus, we have

u(z(t)) = u
(
z
(
tj
))

, t ∈ [tj, tj+1
)
. (14)
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Under the above event-triggered mechanism, (10) can be
rewritten as⎧⎪⎨

⎪⎩
u∗(z(t)) = u∗(z(tj)) = − 1

2 R−1gT
(
x
(
tj
))

V∗
z(tj)

t ∈ [tj, tj+1
)

w∗(z(t)) = 1
2σ 2 hT(x(t))V∗

z(t)

(15)

and the event-triggered HJI equation can be modified as

H
(

z(t), V∗
z(t), u∗(z(tj)), w∗(z(t))

)

=
(

V∗
z(t)

)T(
F(x(t), r(t)) + g(x(t))u∗(z(tj))

+ h(x(t))w∗(z(t))
)+ 	∗(z(t), u∗(z(tj)), w∗(z(t))

)
− aV∗(z(t))

= 0, t ∈ [tj, tj+1
)
. (16)

Remark 2: In this article, we follow the general rule that
the control policy u(z(t)) can only be updated at the event-
triggering instants, meanwhile, we consider a more realistic
scenario that the disturbance policy w(z(t)) will be updated
at sampling instants, which may further affect the appearance
of the specific event-triggering instants. Based on the event-
driven control policy and sampling-driven disturbance policy,
the objective event-triggered HJI equation is thus formulated
by (16).

Remark 3: The adopted event-triggered scheme presented in
(12) is devoted to reduce the redundant data transmission, i.e.,
the sampled data can be released only while the predesigned
condition (12) is satisfied. Under such a BFETM, this article
then dedicates to prove that the formulated tracking error
system is stable in the sense of UUB. This differs from the
relative researches [26], [27], [28], [29], which derive the
event-triggering conditions during stabilizing the envisioned
systems.

C. Stability Analysis

Before giving the specific stability analysis, the following
three assumptions are first introduced (for easing description,
z(t), z(tj), x(t), x(tj), dj(t), and r(t) are referred to as z, zj, x,
xj, dj, and r, respectively, in the remainder of this article).

Assumption 1: Supposing that u∗(z) is Lipschitz continu-
ous on admissible set �1(�1), which means that for all u∗(z)
and u∗(zj) ∈ �1(�1), there exists a positive constant Ku∗ that
makes the following condition holds:

||u∗(z) − u∗(zj
)|| ≤ Ku∗ ||z − zj|| = Ku∗

∥∥dj
∥∥. (17)

It should be noted that the optimal value function V∗(z) is
continuously differentiable on its admissible set �3(�3) [36],
which means that both V∗(z) and V∗

z are bounded on �3(�3).
Thus, we further give the following assumptions.

Assumption 2: Supposing that V∗(z) ≤ ηm and V∗
z ≤ ηem,

where ηm and ηem are positive constants.
Assumption 3: Supposing the system functions g(x) and

h(x) are bounded by ||g(x)|| ≤ gm and ||h(x)|| ≤ hm,
respectively, in which gm and hm are positive constants.

Theorem 1: Given the optimal value function V∗(z), the
nonlinear tracking error system (3) is considered to be stable
in the sense of UUB under the optimal control input u∗(z) and

worst disturbance w∗(z) in (15), Assumptions 1 and 2, if the
following condition holds:

λmin(P) − λmax(R)K2
u∗

λmax(�)

λmin(�)
≥ 0. (18)

Proof: For V∗(z) which is the solution to the event-triggered
HJI (16), it can be obtained that V∗(z) ≥ 0 as illustrated
in [38]. Therefore, we choose V∗(z) as the Lyapunov func-
tion and take the derivative of it along with ż defined in (3),
then, we have

L̇ = V̇∗(z) = (
V∗

z (z)
)T

ż

= (
V∗

z (z)
)T(

F(x, r) + g(x)u∗(zj
)+ h(x)w∗(z)

)
= (

V∗
z (z)

)T(
F(x, r) + g(x)u∗(z) + h(x)w∗(z)

)
+ (

V∗
z (z)

)T
g(x)

(
u∗(zj

)− u∗(z)
)

(19)

in which the first item can be rewritten as
(
V∗

z

)T(
F(x, r) + g(x)u∗(z) + h(x)w∗(z)

)
= aV∗(z) − 	∗(z, u∗(z), w∗(z)

)
(20)

according to (11). Moreover, based on (10), we can get{(
V∗

z

)T
g(x) = −2(u∗(z))TR(

V∗
z

)T
h(x) = 2σ 2(w∗(z))T .

(21)

Substituting (20), (21) into (19), we can further obtain

L̇ = aV∗(z) − 	∗(z, u∗(z), w∗(z)
)

− 2
(
u∗(z)

)T
R
(
u∗(zj

)− u∗(z)
)

= aV∗(z) − zTPz − (
u∗(z)

)T
Ru∗(z)

+ σ 2(w∗(z)
)T

w∗(z) − 2
(
u∗(z)

)T
Ru∗(zj

)
+ 2

(
u∗(z)

)T
Ru∗(z)

)

= aV∗(z) − zTPz + σ 2(w∗(z)
)T

w∗(z)
+ (

u∗(zj
)− u∗(z)

)T
R
(
u∗(zj

)− u∗(z)
)

− (
u∗(zj

))T
Ru∗(zj

)
≤ aηm − λmin(P)‖z‖2 + σ 2(w∗(z)

)T
w∗(z)

+ λmax(R)||u∗(zj
)− u∗(z)||2 (22)

in which

σ 2(w∗(z)
)T

w∗(z) ≤ σ 2
∥∥w∗(z)

∥∥2

≤ σ 2 ∗ 1

4σ 4

∥∥∥(V∗(z)
)T

h(x)
∥∥∥2

≤ 1

4σ 2
h2

mη2
em (23)

based on (21) and Assumptions 2 and 3, furthermore, accord-
ing to Assumption 1, it can be gotten that

||u∗(zj
)− u∗(z)||2 ≤ K2

u∗
∥∥dj
∥∥2 (24)

and thus we have

L̇ ≤ aηm − λmin(P)‖z‖2 + 1

4σ 2
h2

mη2
em

+ λmax(R)K2
u∗
∥∥dj
∥∥2

. (25)
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It is worth noting that when t ∈ [tj, tj+1), the event-
triggering condition (12) will not be satisfied, which means
that

dT
j �dj ≤ zT�z (26)

and then, we get

λmin(�)
∥∥dj
∥∥2 ≤ λmax(�)‖z‖2. (27)

Based on (22)–(27), it can be achieved that

L̇ ≤ aηm − λmin(P)‖z‖2 + 1

4σ 2
h2

mη2
em

+ λmax(R)K2
u∗

λmax(�)

λmin(�)
‖z‖2

= aηm + 1

4σ 2
h2

mη2
em

−
(

λmin(P) − λmax(R)K2
u∗

λmax(�)

λmin(�)

)
‖z‖2. (28)

Apparently, if the condition (18) holds, then L̇ ≤ 0 while

‖z‖ ≥
√√√√ aηm + 1

4σ 2 h2
mη2

em

λmin(P) − λmax(R)K2
u∗ λmax(�)

λmin(�)

. (29)

Therefore, it can be summarized that under the condition
(18), there exists a time instant tf such that the tracking error
z converges to a certain bound when t > t0 + tf . Then, the
considered tracking error system (3) is stable in the sense of
UUB according to Definition 1, and Theorem 1 is proved.

III. SOLUTION TO THE OPTIMAL CONTROL PROBLEM

WITH RL-BASED METHOD

Given that it is hard to obtain a closed-form solution of the
event-triggered HJI equation presented by (16) [31], [32], [33],
then a RL-based iterative algorithm is proposed to derive an
approximate solution, which is followed by the effectiveness
analysis of the algorithm. Considering that the control policy
will not be updated between each of the two adjacent event-
triggering instants under the event-triggered scheme (12), we
then use u∗(zj) without emphasizing t ∈ [tj, tj+1) if there is no
special needs in the remainder of this article.

A. RL-Based Iterative Algorithm

In this section, by recurring to the neural networks approx-
imation method, a RL-based iteration algorithm is proposed
to solve the formulated event-triggered HJI equation (16).
Specifically, we first describe V∗(z) using a critic network as
follows:

V∗(z) = WT
c φc(z) + εc(z) (30)

where Wc ∈ R
nc denotes the optimal weight vector which

needs to be designed, and nc ∈ R is the number of hidden
neurons; φc(z) = col{φci} (i = 1, 2, . . . , nc) is an undeter-
mined activation function and φci are independent with each
other; εc(z) is the approximation error.

Then, the partial derivative of V∗(z) with respect to the
tracking error z is

V∗
z = ∇φT

c (z)Wc + ∇εc(z). (31)

Based on (31), the event-triggered-based optimal control
input and worst disturbance in (15) can be rewritten as

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

u∗(z) = u∗(zj
) = − 1

2 R−1gT
(
xj
)
V∗

zj

= − 1
2 R−1gT

(
xj
)(∇φT

c

(
zj
)
Wc + ∇εc

(
zj
))

w∗(z) = 1
2σ 2 hT(x)V∗

z

= 1
2σ 2 hT(x)

(∇φT
c (z)Wc + ∇εc(z)

)
.

(32)

Actually, it is almost impossible to obtain the exact value
of Wc, and thus u∗(z) and w∗(z) cannot be computed directly
according to (32). In view of this, an approximate value of
V∗(z), denoted by V̂(z), is introduced, and formulated as

V̂(z) = ŴT
c φc(z) (33)

where Ŵc ∈ R
nc is the approximation of Wc. Then, V∗

z can be
approximated as

V̂z = ∇φT
c (z)Ŵc. (34)

Based on V̂z, the approximate value of the optimal control
input and worst disturbance are denoted by û(z) and ŵ(z),
respectively, and represented as

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

û(z) = û
(
zj
) = − 1

2 R−1gT
(
xj
)
V̂zj

= − 1
2 R−1gT

(
xj
)∇φT

c

(
zj
)
Ŵc

ŵ(z) = 1
2σ 2 hT(x)V̂z

= 1
2σ 2 hT(x)∇φT

c (z)Ŵc.

(35)

The above method will result in an approximate value of
the Hamiltonian function H(z, V∗

z , u∗(z), w∗(z))), that is

Ĥ
(

z, V̂z, û
(
zj
)
, ŵ(z)

)

= V̂T
z

(
F(x, r) + g(x)û

(
zj
)+ h(x(t))ŵ(z)

)
+ 	̂

(
z, û

(
zj
)
, ŵ(z)

)− aV̂(z)

= WT
c

(∇φc(z)
(
F(x, r) + g(x)û

(
zj
)

+ h(x)ŵ(z)
)− aφc(z)

)+ 	̂
(
z, û

(
zj
)
, ŵ(z)

)
(36)

where 	̂(·) is the approximate value of 	∗(·). We then use κc

to denote the error between Ĥ(·) and H(·), and thus have

κc = Ĥ
(

z, V̂z, û
(
zj
)
, ŵ(z)

)
− H

(
z, V∗

z , u∗(z), w∗(z)
)

= ŴT
c ζ + 	̂

(
z, û

(
zj
)
, ŵ(z)

)
(37)

in which ζ = ∇φc(z)(F(x, r)+g(x)û(zj)+h(x)ŵ(z))−aφc(z).
Then, we dedicate to guarantee that Wc can be effectively

approximated by Ŵc, i.e., let κc → 0, and thus achieve the
accurate approximation of u∗(z) and w∗(z). For this, we first
design an objective function as follows:

E = 1

2
(
1 + ζ Tζ

)2 κT
c κc. (38)

Based on the gradient decent method, a tuning law of Ŵc

is then constructed as

˙̂Wc = −lc
∂E

∂Ŵc
= −lc

ζ(
1 + ζ Tζ

)2 κc (39)
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Algorithm 1: Proposed RL-Based Iterative Algorithm

1 Initializing û(0) and ŵ(0) according to Eq. (35) with the given Ŵc(0)

and z(0);
2 for t = h; t ≤ T; t = t + h do
3 Computing Ŵc(t) based on Eq. (41);
4 Measuring the tracking error z(t) with û(t − h) and ŵ(t − h)

according to Eq. (3);
5 if The event-triggered condition Eq. (12) holds with z(t) then
6 Calculating û(t) based on Eq. (35) with Ŵc(t);
7 else
8 û(t) = û(t − h);
9 end

10 Computing ŵ(t) according to Eq. (35) with Ŵc(t);
11 end

where lc indicates the learning rate and will affect the con-
vergence of the algorithm. Let W̃c = Wc − Ŵc be the weight
estimated error, and thus we can get

˙̃Wc = −lc
ζ ζ T

(
1 + ζ Tζ

)2 W̃c + lc
ζ(

1 + ζ Tζ
)2 εc (40)

where εc is the residual error and can be represented as

εc = −(∇εc(z))
T(F(x, r) + g(x)û

(
zj
)

+ h(x)ŵ(z)
)+ aεc(z).

According to the tuning law, the value of Ŵc at time t, i.e.,
Ŵc(t), can be calculated as

Ŵc(t) = Ŵc(t − h)

+ h

(
−lc

ζ(t − h)(
1 + ζ T(t − h)ζ(t − h)

)2 κc(t − h)

)
. (41)

Then, û(zj), and ŵ(z) can be updated accordingly. To sum
up, given the initial values of Ŵc and z, the proposed algo-
rithm can update û(zj) and ŵ(z) over time. Without the loss
of generality, the pseudo-code of the algorithm with a time
window T is given in Algorithm 1.

B. Effectiveness Analysis for Proposed RL-Based
Iterative Algorithm

In order to verify the effectiveness of the proposed algo-
rithm, we will prove that the tracking error z and approximate
error W̃c can be stabilized in the sense of UUB under
Algorithm 1. The following assumption is first given to
facilitate the further analysis.

Assumption 4: Supposing ||∇φc|| ≤ ∇φcm, ||∇εc|| ≤
∇εcm, ||εc|| ≤ εcm, and ||εc|| ≤ εcm, where ∇φcm, ∇εcm, εcm,
and εcm are positive constants.

Theorem 2: Given the approximate optimal control input
û(zj) and worst disturbance ŵ(z) presented in (35), the tuning
law for Ŵc as described by (39), and Assumptions 1–4, the
tracking error z in the system (3) and the estimated weight
error W̃c are stable in the sense of UUB if⎧⎪⎨

⎪⎩
�1 = λmin(P) − 2λmax(R)K2

u∗ λmax(�)
λmin(�)

> 0

�2 = lc
2 λmin(�) − λmax(R)

2 λ−2
min(R)g2

m∇φ2
m

− 1
2σ 2 h2

m∇φ2
cm > 0

(42)

where � = ([ζ ζ T ]/[(1 + ζ Tζ )2]).

Proof: Constructing the following Lyapunov function:

L = L1 + L2 + L3

= V∗(z) + V∗(zj
)+ 1

2
W̃T

c W̃c. (43)

With the adopted event-triggered scheme, we then consider
the following two scenarios.

SI (t ∈ [tj, tj+1)): In such a scenario, it is obviously that
L̇2 = 0, moreover, it can be calculated that

L̇1 = (
V∗

z

)T
ż

= (
V∗

z

)T(
F(x, r) + g(x)û

(
zj
)+ h(x)ŵ(z)

)
= (

V∗
z

)T(
F(x, r) + g(x)u∗(z) + h(x)w∗(z)

)
+ (

V∗
z

)T
g(x)

(
û
(
zj
)− u∗(z)

)
+ (

V∗
z

)T
h(x)

(
ŵ(z) − w∗(z)

)
. (44)

Considering Assumption 2, substituting (20) and (21)
into (44), then it has

L̇1 = aV∗(z) − zTPz − (
u∗(z)

)T
Ru∗(z)

+ σ 2(w∗(z)
)T

w∗(z) − 2
(
u∗(z)

)T
R
(
û
(
zj
)− u∗(z)

)
+ 2σ 2(w∗(z)

)T(
ŵ(z) − w∗(z)

)
= aV∗(z) − zTPz + (

u∗(z)
)T

Ru∗(z)
− 2

(
u∗(z)

)T
Rû
(
zj
)+ σ 2(w∗(z)

)T
w∗(z)

+ 2σ 2(w∗(z)
)T(

ŵ(z) − w∗(z)
)

= aV∗(z) − zTPz − (
û
(
zj
))T

Rû
(
zj
)

+ (
u∗(z) − û

(
zj
))T

R
(
u∗(z) − û

(
zj
))

+ σ 2(w∗(z)
)T

w∗(z) + 2σ 2(w∗(z)
)T(

ŵ(z) − w∗(z)
)

≤ aηm − λmin(P)‖z‖2 + λmax(R)
∥∥u∗(z) − û

(
zj
)∥∥2

+ 2σ 2
∥∥w∗(z)

∥∥2 + σ 2
∥∥ŵ(z) − w∗(z)

∥∥2
. (45)

For the term ||u∗(z)− û(zj)||2 in (45), with Young’s inequal-
ity, i.e., ||a + b||2 ≤ 2||a||2 + 2||b||2, and Assumption 1, we
can get

∥∥u∗(z) − û
(
zj
)∥∥2

= ∥∥(u∗(z) − u∗(zj
))+ (

u∗(zj
)− û

(
zj
))∥∥2

≤ 2
∥∥u∗(z) − u∗(zj

)∥∥2 + 2
∥∥u∗(zj

)− û
(
zj
)∥∥2

≤ 2K2
u∗
∥∥dj
∥∥2 + 2

∥∥u∗(zj
)− û

(
zj
)∥∥2

. (46)

According to Assumptions 3 and 4 and (32) and (35), it can
be obtained that
∥∥u∗(zj

)− û
(
zj
)∥∥2

=
∥∥∥∥−1

2
R−1gT(xj

)(∇φT
c

(
zj
)
Wc + ∇εc

(
zj
))

−
(

−1

2
R−1gT(xj

)∇φT
c

(
zj
)
Ŵc

)∥∥∥∥
2

=
∥∥∥∥−1

2
R−1gT(xj

)∇φT
c

(
zj
)
W̃c − 1

2
R−1gT(xj

)∇εc
(
zj
)∥∥∥∥

2

≤ 1

2
λ−2

min(R)g2
m∇φ2

cm

∥∥W̃c
∥∥2 + 1

2
λ−2

min(R)g2
m∇ε2

cm. (47)
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On the basis of (46), (47), it yields that
∥∥u∗(z) − û

(
zj
)∥∥2 ≤ 2K2

u∗
∥∥dj
∥∥2 + λ−2

min(R)g2
m∇φ2

cm

∥∥W̃c
∥∥2

+ λ−2
min(R)g2

m∇ε2
cm. (48)

For the term σ 2||ŵ(z) − w∗(z)||2 in (45), by means of (32)
and (35), Assumptions 3 and 4, then it can be found that

σ 2
∥∥ŵ(z) − w∗(z)

∥∥2

= σ 2
∥∥∥∥ 1

2σ 2
hT(x)∇φT

c (z)Ŵc

− 1

2σ 2
hT(x)

(∇φT
c (z)Wc + ∇εc(z)

)∥∥∥∥
2

≤ 1

4σ 2
‖h(x)‖2

∥∥∇φT
c (z)W̃c + ∇εc(z)

∥∥2

≤ 1

2σ 2
h2

m∇φ2
cm

∥∥W̃c
∥∥2 + 1

2σ 2
h2

m∇ε2
cm. (49)

In addition, according to Assumptions 2 and 3 and (10), the
term 2σ 2||w∗(z)||2 can be handled as

2σ 2||w∗(z)||2 = 2σ 2|| 1

2σ 2
hT(x)V∗

z ||2 ≤ 1

2σ 2
h2

mη2
em. (50)

So, based on (48)–(50), and (45) can be represented as

L̇1 ≤ aηm − λmin(P)‖z‖2 + 2λmax(R)K2
u∗
∥∥dj
∥∥2

+ λmax(R)λ−2
min(R)g2

m∇φ2
m

∥∥W̃c
∥∥2

+ λmax(R)λ−2
min(R)g2

m∇ε2
cm + 1

2σ 2
h2

mη2
em

+ 1

2σ 2
h2

m∇φ2
cm

∥∥W̃c
∥∥2 + 1

2σ 2
h2

m∇ε2
cm. (51)

We then focus on the derivative of L3 with respect to t

L̇3 = W̃T
c

(
−lc

ζ ζ T

(
1 + ζ Tζ

)2 W̃c + lc
ζ(

1 + ζ Tζ
)2 εc

)

= −lcW̃T
c

ζ ζ T

(
1 + ζ Tζ

)2 W̃c + lcW̃T
c

ζ(
1 + ζ Tζ

)2 εc. (52)

It is obvious that (1 + ζ Tζ ) ≥ 1, then

lcW̃T
c

ζ(
1 + ζ Tζ

)2 εc ≤ lcW̃T
c

ζ(
1 + ζ Tζ

)εc

≤ lc
2

W̃T
c

ζ ζ T

(
1 + ζ Tζ

)2 W̃c + lc
2

εT
c εc. (53)

Therefore, based on Assumption 4, it can be gotten that

L̇3 ≤ − lc
2

W̃T
c

ζ ζ T

(
1 + ζ Tζ

)2 W̃c + lc
2

εT
c εc

≤ − lc
2

λmin(�)
∥∥W̃c

∥∥2 + lc
2

ε2
cm (54)

where � = ([ζ ζ T ]/[(1 + ζ Tζ )2]).
Combining (51) and (54), then by recurring to (27), we

further get

L̇ ≤ aηm − λmin(P)‖z‖2

+ 2λmax(R)K2
u∗

λmax(�)

λmin(�)
‖z‖2

+ λmax(R)λ−2
min(R)g2

m∇φ2
cm

∥∥W̃c
∥∥2

+ λmax(R)λ−2
min(R)g2

m∇ε2
cm + 1

2σ 2
h2

mη2
em

+ 1

2σ 2
h2

m∇φ2
cm

∥∥W̃c
∥∥2 + 1

2σ 2
h2

m∇ε2
cm

− lc
2

λmin(�)
∥∥W̃c

∥∥2 + lc
2

ε2
cm.

� −�1
∥∥W̃c

∥∥2 − �2‖z‖2 + �3 (55)

where

�1 = lc
2

λmin(�) − λmax(R)λ−2
min(R)g2

m∇φ2
cm

− 1

2σ 2
h2

m∇φ2
cm

�2 = λmin(P) − 2λmax(R)K2
u∗

λmax(�)

λmin(�)

�3 = aηm + λmax(R)λ−2
min(R)g2

m∇ε2
cm + 1

2σ 2
h2

mη2
em

+ 1

2σ 2
h2

m∇ε2
cm + lc

2
ε2

cm.

Thus, it can be concluded that L̇ < 0 if (42) holds and one
of the following inequalities is satisfied:

{ ‖z‖ ≥ √
�3/�2∥∥W̃c

∥∥ ≥ √
�3/�1.

(56)

SII (t = tj+1): Under such a scenario, for the constructed
Lyapunov function L, we have

L = V∗(z(tj+1
))− V∗(z(tj))+ V∗(z(tj+1

))− V∗(z
(

t−j+1

))

+ 1

2
W̃T

c

(
tj+1

)
W̃c
(
tj+1

)− 1

2
W̃T

c

(
t−j+1

)
W̃c

(
t−j+1

)
(57)

in which the V∗(z(t−j+1)) = limρ→0+ V∗(z(tj+1 − ρ)) with ρ ∈
(0, tj+1 − tj).

As discussed in SI, it is easy to obtain that V∗(z(tj+1)) ≤
V∗(z(tj)) because V∗(·) is a continuous and monotonically
decreasing function. Moreover, if either ||z|| ≥ √

�3/�2 or
||W̃c|| ≥ √

�3/�1 for t ∈ [tj, tj+1), it can be derived that
L̇ = L̇1 + L̇3 < 0, which indicates that it is monotonically
decreasing, and thus it has

L1
(
tj+1

)+ L3
(
tj+1

) ≤ L1
(
tj+1 − ρ

)+ L3
(
tj+1 − ρ

)
. (58)

When ρ → 0+

L1
(
tj+1

)+ L3
(
tj+1

) ≤ lim
ρ→0+

(
L1
(
tj+1 − ρ

)+ L3
(
tj+1 − ρ

))

= L1

(
t−j+1

)
+ L3

(
t−j+1

)
. (59)

So, we can achieve that �L < 0 at the event-triggering
instant tj+1.

Based on the aforementioned analysis under two scenarios,
it can be concluded that the tracking error z and approximated
weight error W̃c are stable in the sense of UUB if (42) holds
based on Definition 1, thus, we can get the theorem.
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Fig. 1. Value of Ŵc.

IV. NUMERICAL EXAMPLE

In this section, a numerical example is designed to ver-
ify the effectiveness of the established method. The specific
simulation settings are first described as follows. For the envi-
sioned tracking error system (3), the corresponding nonlinear
functions are given as

f (x) =
[

sin(x2) − 0.065e3x1

−6sin(x1) + 0.8cos(x2) − 0.2e1.5x1

]

g(x) =
[

2.5
0.2

]
, h(x) =

[
10.2
8.5

]
, φ(r(t)) =

[
0.02sin(2.5h)

0.02cos(2.5h)

]

(60)

and the initial system states are designed to be z(0) =
[0.5 0.1]T and r(0) = [0.086 0.086]T .

For the defined value function V(z) (5) and the adopted
event-triggered mechanism (12), we set P = 600I2, R = 0.8,
� = 0.08I2, and h = 0.04s. For the proposed Algorithm 1, the
parameters of the critic network are designed to be lc = 0.01,
nc = 8, σ = 8, and a = 0.6. Besides, referring to [26], the
basic function φc(z) is given as

φc(z) = [
z2

1 z1z2 z2
2 z4

1 z3
1z2 z2

1z2
2 z1z3

2 z4
2

]T
(61)

moreover, the approximated weight vector is formulated
as Ŵc = [Ŵc1 Ŵc2 Ŵc3 Ŵc4 Ŵc5 Ŵc6 Ŵc7 Ŵc8]T , and
the initial value of which is set to be Ŵc(0) =
[0 0 0 0 0 0 0 0]T .

Based on the above settings, the simulation results
are then presented by Figs. 1–7. The convergence pro-
cess of Ŵc is depicted by Fig. 1, it can be seen that
Ŵc finally converges to the value Ŵc = [0.3626 − 0.6776
0.3426 0.0542 0.0208 0.0528 −0.3878 0.0677]T . Fig. 2 shows
that the tracking error of the system can reach a stable state
when the weight Ŵc converges to the certain value. The track-
ing trajectories of system states are given in Figs. 3 and 4,
as shown, x1 and x2 can well track the objective trajecto-
ries r1 and r2 after about 40-s under the designed tracking
control strategy. Moreover, the approximate optimal control
input û(zj), worst disturbance ŵ(z), and the estimated Hamilton
function Ĥ(·) are demonstrated by Figs. 5–7, respectively. It

Fig. 2. Tracking error z.

Fig. 3. Tracking trajectory of r1.

can be seen from Figs. 5 and 6 that the approximated optimal
control input always remains the same between two adjacent
event-triggered instants while the disturbance updates along
with the simulation time. Moreover, as shown in Fig. 7, the
value of the estimated Hamilton function Ĥ(z, V̂z, û(zj), ŵ(z))
fluctuates with the time and finally converges to zero, which
verifies the effectiveness of the approximated optimal control
input according to the optimality theory.

As illustrated in Remark 3, one of the differences of the
work with the relative researches is that the tracking con-
trol strategy is designed based on a BFETM. To validate the
effectiveness of such a design, we then compare some results
obtained under the adopted BFETM and a stability-focused
event-triggered mechanism (SFETM). The SFETM is con-
structed based on the approach proposed in [26], and thus
can assist the stabilization of the considered tracking error
system (3). Specifically, the event-triggering condition of the
SFETM is derived as

∥∥dj
∥∥2 ≤

(
1 − η2

)
λmin(P)‖z‖2

2Ku∗ 2λmax(R)
(62)

where η ∈ (0, 1) is a given constant and Ku∗ > 0 is the
parameter used in Assumption 1, which are then set to be
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Fig. 4. Tracking trajectory of r2.

Fig. 5. Approximate optimal control input û(zj).

Fig. 6. Approximate worst disturbance ŵ(z).

η = 0.34 and Ku∗ = 21 in the simulation. With the SFETM,
the ultimate bounds of the tracking error z and approximate

Fig. 7. Estimated Hamilton function Ĥ(z, V̂z, û(zj), ŵ(z)).

Fig. 8. Triggering instants with the two event-triggered mechanisms.

weight error W̃c are{ ‖z‖ ≥ √
�3/η2λmin(P)∥∥W̃c

∥∥ ≥ √
�3/�1

(63)

where �1 and �3 are the same as in (55).
In Fig. 8, the triggering instants under the BFETM and

SFETM are presented. It can be found that less triggering
instants are generated with the BFETM (actually, the num-
bers of the triggering instants under the BFETM and SFETM
are, respectively, 187 and 219 within 50 s), and thus the band-
width pressure can be effectively alleviated. Meanwhile, Fig. 9
shows the two-norm of the tracking error z obtained under the
BFETM and SFETM, and we can see that the overall tran-
sient performance of the tracking error with the BFETM is
not inferior to that with the SFETM, which further evidences
the efficiency of using the BFETM.

V. CONCLUSION

In this article, for a bandwidth-limited nonlinear networked
system with sampling-driven disturbance, we have developed
a RL-based scheme to tackle the optimal tracking control
problem. The tracking error system with a BFETM has been
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Fig. 9. Tracking errors obtained under the two event-triggered mechanisms.

established to model the considered problem. Then, by design-
ing an appropriate value function and on account of the
Bellman optimality theory, we have shown that the optimal
tracking control strategy under the envisioned event-triggering
scenario can be obtained by solving an event-based HJI equa-
tion. After proving the existence of the optimal control and
worst disturbance policies that can stabilize the concerned
system in the sense of UUB, a RL-based iterative algorithm
with single critic network framework has been proposed to
solve the constructed HJI equation. The effectiveness of the
algorithm has been analytically evaluated and further con-
firmed by simulations. Based on the current research, the
future work will focus on the optimal control problem for
various complex industrial systems under limited communica-
tion resources and stochastic cyber attacks with the assistance
of RL methods.
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